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ON ¢-DIFFERENCE EQUATIONS TFOR
CERTAIN WELL-POISED BASIC
HYPERGEOMETRIC SERIES

By GEORGE E. ANDREWS*

[Received 11 Qctober 1967}
1. Introduction
In this paper we shall study the following g-series.

Cral@y,e ;25 q) = Ck-s((a}'«":'Q)).

z ‘}I _1""' xiqznijn ( :C’ Q)Rl(l;a],""aﬁ)- (1'1)
ne0 ﬂ.( g4, g) (xg;al_ls---:a)._l)
Dk,i(a‘li'"ra}t-' q) = Dkt(( yixigh
_ i M (2q)g~ I —xq, ¢) PoiL; ay,..., @) y
Z T (=g Bagia; a )
( 1).’«\+1xtq(2n+lh An( 1‘__{1)‘)—1}3 +1(1;a1s---=ah)1
x 1+ a: D (L2)
{ Prrl®giart,...ait) |

Hy, {ay,..,007;¢9) = H ((2);2;¢),
= FPolzgsai ., ai N0 ((e)i 2 g W o{—2g.9);  (1.3)
Jk,i(“xs---s“_\QI;q} = Jk,i((a);x;Q)A

= B xg;ar o, ai ) Dy lla); s g lo(—29. ), (1.4)
where
n-1 0
Hn{b! q) = Jg {l—'-bg’j), Hx(bt g) == Jg (1+bgj)!
A
Palbsyro ) = T (1—by; 1),

i=1

Pn(bi Y1s--1 yﬂl) - ]_—Ilpj{b! Y12+ y.\):
=

Felbiyi i) = I pitbryn w,
iz
M () = JI"((a);A; kia q) e (__1)n(A-;-1Jxknq;.:zk—)t+1)n=+i()l+1m(al @)™,
Cyi((a); x; ¢}, generalizes & certain well-poised basic hypergeometric
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434 GEORGE E. ANDREWS
series that appears in several famous theorems: namely,

Cealla):r:qh
x, g}, —qat, @y, a0y qi{2k.—ﬁ+1}?nﬂ)«—1lxk(—1]‘]' ’1]. (1.5)

= 3 D Sy
A+3H As2 x*,—x*,xq;ral_..n,xq,ﬂxg €ty ... Ay

The notation is that of Slater [(10) 91]. In particular, when A = 3,k = 1,
this function appears in the limiting form of Jackson’s theorem [{10} 96,
equation (3.3.1.3)]; when A = 3, k = 2, the resulting series appears n
Watson's g-analogue of Whipple's theorem [(10) 100, equation {3.4.1.5}].
Selberg (9) has studied these series in the case A = 0; the case A=1
was treated in (2). -
Our main object is to obtain g-difference equations for these series.
Originally these results were to appear in a future work on partitions (1};
however, once the results were derived, it was found that, apart from
their intrinsic interest, they were guite useful in proving theorems on
infinite produects, continued fractions, and g-series. Hence it was felt
that a separate exhibition of these theorems would be worth while.
Ju § 3, we shall derive some theorems on infinite products. For
example,
. 3[ L ] — ) (1.6)

I (—aga=t, )T {(zg)t 9)
We shall also obtain known results like the limiting form of Jackson’s
theorem |(10) 98, equation (3.3.1.3]].

In § 4, we obtain new theorems on continued fractions. The most
interesting result here seems to be Theerem 6, which may well be the
‘general theorem’ on continued fractions referred to by Ramanujan in
one of his letters to Hardy {{7) xxvii1].

THEOREM 6. If a7l+a;l= —b. and a; 'a; ' = —a, then
Hy (o, 0,7 9) — 1-tbr _ xg(1+axg®) (1 +—axg?) .
H,,lay, ey 245 9) . 1-Fbzg2-+ 1—hrgd—

As we shall see, this theorem contains many of the most elegant
known results on continued fractions of the Rogers-Ramanujan type.

In § 5, we shall apply our results to the study of g-series. Much work
has been done on problems of this tvpe by Starcher (12) and Fine (5)
for ¢-difference equations of first and second order. We shall therefore
restrict curselves to equations of orders 3 and 4.

2. Main theorems
Theorem 1 will contain the principal results; in Theorem 2, we shall
collect some useful information for later use,
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TrEOREM 1. Let k and ¢ be real with 2E—1 = A = 0 where A is an
indeger, q' << 1. Furthermore, if 2k —1 = A then
lk(ay... ay)~tght-L -t < 1,
Under these conditions,
H((a )-x'q);l— pao((@)xighy = ¥ W al(@)iasgh (2.1)

Jel@);zigh = Zﬂ(—l Yoidart...ay Nalg Hy ,_s((a);zgig)y; (2.2)
¥
I, _((a);x;q)) = —.r—*'Hk}l-((a);:r;q)A; (2.3)
I g((a); x:q), = O (2.4)
oYy ) 1S b‘re j-th elementary symmetric function of y.... ¥y

Go(Yre 1) =
Proof. We start with {2.1).

Cola); 2 gy — Cra{{a); s gha
= Eo-‘fn(x)(1—x)—l{q—"“(l—q"}+-r"—‘q““'—“(l—--xq”)} X
0 (—z P Py(liay..a)
M, {—g¢ ) B lzg;ait,....ail)

Consequently splitting the series into two parts by means of the terms
enclosed in {}, we have

Crillakia;gh—C e 1(( )T 90

B =2, ) P, ay)
= A (> ‘“
z e n 1{ q, Q) Ta(xq-al r"‘rah_l)—i_

-f—x“"l i U( Jq:n L

n ¢

nﬂ( _Ig! Q)‘P‘n(l ) a’ls"" a,’l)
I, (~q.q) Pyiag;ay*.....ax )

= (— 1)A . 1_1.&-9,3: il "(a’lm aA)—l ilf,.‘{.t‘}q'zj""“‘””“ »

cMS

Iln( X, q RJ—I(I a]““:a,\) +
il ( q,ﬁi‘) n+1(‘)"QJa1 :“‘!a)t_l)
—— o I {—xq, ) Pl a,.....a03)
+:rt 1 ﬂfﬂ I} -1 1
nZO ( ! Hn( gs?)ln(qual s---sa,\_l)
RN —emtrvm _al—=¢, ¢) (Y ay,00, 3
— pi-l M, (2g)g—%—i+0n 1 5
,ZU ek (—g¢ @) Fulxg;art,.. axt)

N ]’l N (— 1);\ -;.1(xq)k—i.p.lqzn{k—hl_r—.\n(a] )™ _pﬂ+1(1 Sy @) |
[ Poafgiartoait) I
= 21D (@) z g
We now deduce (2.1) utilizing (1.3} and (1.4).
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We prove (2.2) as follows. In (1.2} we combine fractions in the term
enclosed in {}. This yiclds

= : _i I1 (_IQ!Q)Pn(l;als"'saA)
D ((a);z:q)) = M (s in n
willa):h z e M,(—q.9) B, (g ar e aih)

n=0

A
X{ zo(—l]j‘l‘jo‘;(afl...., ap i+
o

X

A
4_(,__1))«—11.;(?{2“1 i-An z (__])_jgj(al—l,m,a_qum,’l—j)

F=0
= o JL(—2q, ) Pull584,0,a)
— JI' _in 7t n 1
Z n(xg)q 1—[.?!.(_(1“(?)})!?-—1{rq‘('{l_l)“$ah_1}

A
X 3 (— Wolar L., ax Dalg/n=2(] — p!Jgtin =17
=0

x

A
= (l—ag){pylrgsap L ag )7 2 (—Woyla s ey Jeigh X

=0
X E M, (rg)g=t=Tm(1 —ag) {1 —(=y)i-IgtnE-1) X
Hn(_(xg)s Q)Pﬂ(lial,, a’\)
Hﬂ{ -1, Q)RL((xq}q al—lev--, EIA_]}

A
= (l-—xq)(pl(xg;afl,m,a,\'1))—1_20(—l)faj(a.l—l,,..,a.h—l)quf><
j -
X Crajll@);ag; g

We now deduce (2.2), utilizing (1.3) and {1.4),

(2.3) follows directly from the identity

_x—ig—'iu(l___xl'q‘.’.m"] — q—m'—‘i'.l(l_x—igi!n{—h}_

(2.4) follows directly from the fact that 1—z'¢?* = 0 for all » when
1= 0.

We now proceed to Theorem 2.

THEOREM 2.

Cri{@gs 2y —212%19) (14+x)Cy g, ay 2?g) (2.5)

lim Hy {ay,....ay; i) = Hay, a0 2090 {2.6)
ap—e a0
lim S (ay.....apx:q) = Jp g, a1 w09); {2.7)
oy—>
Hyy({a); @590y = Jerlla)i gl = Jpn (@) 7100 (2.8)
if the tico sets {ay,..., @y} and {gag ... qaf 1} are equal, then

Dy il{a); gy = T (—(— 1) g-1oi-i gh=hd)
KT (— e =gi#, g M T g A e, g% t), - (2.9)

where ay..ay = {- -1)g*
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Proof. We start with (2.5).

Coo @y, @y — ;32 g) = D (— Lyl a2koimiq, gy )-ngh@kos —i-tm?
' o0
xqun(l—xq“)(lnqu“) AL (=2l ey (140

(1—z8 I (—q. 9l e L aiT) (I

(2.6} and (2.7) are deduced from an appeal to Tannery's theorem
[(14) 371] and the fact that
111’1‘1 (!_{' unn('—_aﬁe g) = hm ('vq,\_l_i](”,\_l_"‘f}“'(aﬂ_l_qn_'l)

qy-+ T Qa— = .
— (_ 1 }ngin-n 1:_

We obtain the first equation in (2.8) from (2.1} in the case i =1
utilizing (2.4). To obtain the remainder of (2.8), we set i = 0 in {2.1)
and then apply (2.3) and (2.4).

Finally we treat (2.9). Under the condilions stated there, we have
immediately that aja,...qy = (ge; Hgaz?)...(ga)i ! and therefore
= g')"‘
Consequently a, ay ... 2y = (—1¥g*. Thus

Dkli((a): Lig)s

— io(. ) 1)n(;\—(rTIJqﬁf;':k—,l+l)n3-_ in --{1:—i'm{l e (_ 1)R—c-+1g(2r1 —_l}i—,‘m—})q}
H—

53

(agu, ...

o
- 2 (- 1}nil—e+l)gi{2k—r’l+1)n’—5-:2!.'—2;‘—-1'::;_
n—-—x

(2.9) now follows from Jacobi’s identity [(10) 105, equation {3.5.8)].

3. Infinite products

By means of equations {2.1)-(2.4) and (2.8], we may derive first-order
difference equations for I ,{{a};v:¢inthecases k = 0, A = |1 k = §,
A=1; k=1, A =3 Formulae for infinite products are then easily
deduced.

THEOREM 3.

o gk et 1
o |5 e —etaget
* 3[ at, —xt, xgla ¢
Proof.
Hyylaiz;q) = Jolaixiqy = Jylaixig) (by (28) k= 0).
Jyalai;g) = Hylajzqq) (by (2.2) k= 0,4 = 1, and (2.4)).

Therefore Hy(a;209) = Il (a;xq; ).
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This implies Hy (a2 9) = Hyya;2q7;q)

for any integer N = 0. Consequently since gf <1 and Hy,(a;x:9) is

continuous in r at & = 0, we have, by (10} 92, equation (3.2.2.11),

R S Y L
Hﬂ,l(a's't':q} — FZJ - ]I{W e 0

Therefore, by (1.3), Copletirigy — 0
This reduces to Theorem 3 by {1.5) with & = 0, A = L.
TueorReM 4. Eguation (1.6} 15 volid.

Proof.
Hylarzig) = Jlasxiq) = Jyylaixzg) (by (2.8)

k= 1)

(1—zhH, (a;2;9) = Jypla;arq) (by (2.1) k= §, and (2.3)).

Jodarrig) = Hylasrgig) (by 22y k= 3,4 =1, A =1, and {2.4}}.

Jitasrigy = (1+(xghta~*)H, {a; 29 9)

(by 22 k=1 i=%4AaA=1,(23) and (2.4}).
Hence
Hyaiw;q) = (1 blagta= ) H leirg; q)
= (I (rgita ) {1+ (g)t) 7V, s 2 g)
= (t+(xgita—t) (1= (gt )T H, (e xg®; ).
We may now deduce
I {(xq¥tia, q)
H (a2 q) — —xserdit
paleaig) I ()", )
by the technigue employed in Theorem 3.
Consequently, by (1.3),
I, (—xg.q)11, ( Hia,q)
(s x;
ltEg) =g A—rqga,qll ((a'q* )
This reduces to Theorem 4 by (1.3} with & — +, A = L
THEOREM 5.
rogrl, —qEt oy, a0y 403G 1 20y
6o xh, —at, zgia,, xgia,. g a,
— ”r(_xqsq}n ( xg; ‘a “"qu’n (_Ig.'lalaii! q)nx(_xq-faﬂaa.'(?)

L (—rgiay, g a(—aqiay ) 1, (--xgias, §) T

— g, Ga2y,q) ’

Remark. This theorem is known as the limiting form of Jackson’s

theorem [(10) 96, equation {3.3.1.3}].



ON ¢-DIFFERENCE EQUATIONS 139
Proof. We let o; = ojlag, aztagh).
H (@) 2:q)s = Jal@);wrg)y = Jal(@ieig)y (by 280 k=1 3.1
Sty riqly = (1—oy xQ)Hl.l((.“):-"-'G‘:Q_}3‘i’°3x‘?Hl,2((“‘)?ﬂl39.}3
(by(22)k=1,i= 1 X == 3, (2.3), and (2.4)). (3.2)
Jalla)zig)s = Hl.z((a)}ﬂﬁ‘I}3—:179(01—1903”{1.1((&)§xq?Q’}s
by 22k =1, =2 X = 3,(2.3),and (2.4)). (3.3}
Hence, by (3.3) and (3.1},
(@) 293 q)g == Hyy({@); 2:)g=vglor—2qay) Hya{(@): 295 9 ) (3.4)
Substituting (3.4} into (3.2) and utilizing (3.1), we obtain
(1 —xqog) Hy {{a);rig)y = (1—o, rg—2iqlo, oy, —3¢cl) Hy 1 ({6} v Qe
(3.5)
We may rewrite this last formula as
(1—--xq.f'alag)(1—~.rq'fr1aa)(l‘—xq&aa)ﬂm((a):xq:q}s_

111,1((“)31'59}3 - - "_ (1 —aq a, @,y }
% s
(3.6)

We may now deduce

O, {—xgia a, I {—2xqia,a I —xgia a3, 9)
H T L= 12 3 13 23
1al(@): 7 7)s M, (—xqie, 0,45, 9)

(3.7)

by the technigue employed in Theorem 3.
Cousequently, by (1.3),
il zigls
[ ( —xq. q) [—[I-(_Iq.'lla'l s, q)”r( — Xy da, G") Hm("_IQ-"Iaz g, Q} . 138“‘

7.

- “r( —Xg ay, q)nm(_xq.'llaw fi’) Hz{_'rg ;H:}v q)noc(_xq|'fa1 oy, 9)

This reduces to Theorem 5 by (1.5) with £ = 1, A = 3.

4. Continued fractions of the Rogers—Ramanujan type

Our results here depend for the most part on the derivation of second-
order g-difference equations. We shall study the cases bk =2, 1 =1,
A=2k=1i=%A=1L

Ve start with the result stated in § 1, as Theorem 6.

Proof of Theorem 6. Here we let afa tagly= —b ogfaf Loy ') = —a.
Hayolla): 75 q)y— Hya((@); 310}y = Shal(@)iziq)y (by (21) k= [ = 2}

(4.1)

Hyfta)irig), = Lallayaigl, = Lal{a)ixsg), (by (2.8) k= 2). (4.2)
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Spplla)iaigly = Hyo((a)2gig)e—bagH, (1) 2;9),
(by 22k —i=2A=2), (43)
dha(la2;9)y = (14-axq)Hy,((a); 7g: q),
(hy (22) k= 2,4 — 1. = 2. (2.3), and (2.4)). ($.4)
Now (4.2} and (4.3) imply that
(@) xsg)e—bagHy () g q), = Hoo{(a); 2q; 9), {4.5)
(4.1}, (£.4). and (4.5} imply that
H, {(a); 1)y — (brg-- 1) EHy y{{a)i 2g: ), — aq(1+avg?) iy ((a) x¢2: g ),
Consequently, rewriting (4.8), we ohtain
Hy () a: gl = (O +baq)H, (@) 2g:4),+ cq(V+axg®) Hy ((a) 2g2 g),.

Thus

Hyy(tarrg:q),

lrdng)
H, \(laixg: Flo s 1 {(a)i g 4,

By iterating (4.8) we obtain Theorem 6.

Cororrary 1. (Ramanujan [(7) 215

O (=% )N(—¢%¢") _ | ¢ & ¢
llx(_g:qa)nm(_qéyqu - | I ].—:— 1 T

Proof. In Theorem 6, let @) — oc. a, -~ 2c. This yields b = « = 0.
Utilizing (£.2), {2.6), (2.9), and (2.2) for A = 0, we find

M (— 4% gL (— g%, g 1L, (— . 4
Hy(51:g) = (5 Lg) o == CRLUT DL (20 47,

H:(_Q!q}
. ILi—q. ¢ I, {—gb g2y 1 (—gP. 0%
i = Jy{ 1) = 2 ELEY o U1 R 7,
N.{ -¢g.9)

The desired result now follows directly from Theorem ¢,
"The next result is equivalent to one stated by Ramanujan {(7) xxviii]
and was proved by G. N, Watson [(13) 236].

COROLLARY 2.

n'r{ _‘-?3.- (fs) Ilnr( - q33 Q’G)

- 4= =) P —4)
I(—q.¢") 1. (—¢%¢% [ 1 1—

Proof. In Theorem 6, let ¢y = - a, = ¢*. Hence b = 0, « — ¢-1.
The desired result now follows as in Corollary 1.



ON ¢-DIFFERENCE EQUATIONS 441

CororLLArY 3. {Gordon [(6) T41])

I(—¢% ¢*) . (—¢ ¢%) P ¢ ¢ _
Meo(—7, ¢*) (=47, ¢%) -+ 14+¢°+ 1+-¢"—

Proof. In Theorem 6, first replace ¢ by ¢2, then set @; == —g¢, and let
@, > oo. Hence a = 0, b = ¢~1. The desired result now follows as in
Corollary 1.

Our next theorem generalizes a continued fraction expansion of
A. Selberg [(9) 19].

THEOREM 7. Let arl= —u. Then

(L—a) Hy y(ay; 2% %)

Hy (ay; 2%q%; ¢*)

=l4q+

_ 1+.M-.>_quxq(l—ﬂxq2}(l*-’rq} gl —axg®)(1-Hwgt)
' ' | —axlyi— 1—axly®+
Proof. Here gi(aj') = —a.
Hyglag o124 = Jyglay;x;q) (by (21) withk = 1,4 = ). (4.9)
Hyylay;x;9)— Hy oy 2 9) = o) law59)
(by {21y with &k = 1.¢ = 2). (4.10)
Jylaiaig) = Hyylagxqq)—arigt, oy 191q)
(by (2.2) with bk = 1.7 =}, and {(2.3)). (4.11)
Jglaaig) = Hylaaq;q)-argd, {axg:q)

(by (2.2) with k= 1,7 = §). (412)

Henee, by (£.9), (4.10), and (4.12),
(I=ahH, Jlay;059) = (IHaxq)H, (ay; vg: @) <-aigh yla 2, 9). (4.13)

Thus, by {+.11) and (4.13),
(1‘5‘1'*”11.9(%?33;?)

= (1+taxq)H, y(a,;2q; )2 {1 —axtq)H (a5 09 q). (4.14)

If we let fle) = Il (=, gV (o, 2% 4%),
then  f(z) = (1+aw®?)f (eq)- aq(1—~axg?)(1+xq)flag?).
Consequently

flx) _ 1 aqz? Q_Ll‘q(l—axqz)(]—l—xg)
fag T T e Fay

By iterating (4.15), we obtain Theorem 7.

(4.15)

B. g-series identities
Intricate g-series identitics seem to be somewhat difficult to obtain
by the method of ¢-difference equations. Although the series form of
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the Rogers—Ramanujan identities is relatively easily derived by the
method of ¢-difference equations [(9) 1}], Selberg deduced the corre-
sponding identities of modulus 7 from the related g-difference equation
by involved and ingenious use of certain recurrence formulae. We shall
show in Theorem 8 that a much simpler, though possibly less revealing,
derivation of the identities of modulus 7 may be given. In Theorem 9,
we shall give a similar proof of Bailey's identities related to the
modulus 9.

LeMyMa 1. Suppose, for g << 1, there exists @ function f(x) which is
analytic af x — 0, and satisfies

Sptoierr =0 f0) =1 (5.1)
(:'u'here pdx,q) is a polynomial in x and g, p,(x.q) :jgog'}:ff(g}xi.), and
that 5_ gyt £ 0 for y << L. Then f(z) is the only function analylic
at 0 for which (5.1) is fulfilled.
Proof. Suppose gz} is analvtic at 0 and fulfils (5.1). Let
g = 3 Buahes fie) = 3 Aylaw

o=

Now B,lg) = Aylg) = 1, sinec ¢{) = f(0) = 1. Assume B, (q) = 4,(g)
for n <2 N. Then, by (5.1),

L] d; ) = . o N .
0=3 Sefig S e = 3 @S @00,
i i n-0 0

i—0 j=0 =
where Y, is over all j and n such that j4+n = m, O, 0Dy s0dy
0 < ¢ = s. Henee the inner sum in the last series is zero for all m, and
the same is true if 4, {g} is replaced by #,{g).
Thus

EHA (g = 0. (5.2)

A

4

j-n=1
anw N, 0T dy
PR

o

s
But, by hypothesis, > £/(g}g™ = 0. Hence
i=0

Axle) = | 3 & @) (— b A 0e™)

P

T

(Y &gt | 7= 3L 50 BLlgig™)

0

a{g

|
& TM:»

)
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where Y, is over all j, », and ¢ such that
Jtn=XN,0n<N, 0<jsd, 05 i s
Henee by induction, 4,(q) = B, () for all ». Therefore flx) — gix}
The next theorem is originally due to Rogers [(8) 331]); however, it

was rediscovered by Selberg [(9) 13]. and was subsequently proved hy
Dyson [(4) 35], Bailey [{3} 421], and Slater [(10) 155].

THEOREM 3.

T 0= S o (5.3)
1— ﬂ == q —— 3.
=0, ;;-_}m:d‘h §=: Q g Zn{q-' g}
ﬁ (1 ) ) I x 9211 +2n (
—gt) = s .-'(} T .4
=1 9 (1.4 Z bl —¢% ¢)11,0q 7 )

qﬁng i2n

= (]_ ”,_1:“1(‘(:, N . {2,
1L ™ “‘;nw-;)mmw

n=y, -1 imod ™

Proof. From (2.1) and (2.2), we see that if

Qi) = Sy, righ,

[}
o
Pty

then Qle)— Q,(x) = 7 (zg): (5.6)
Qy{x)— @ () = 19Qu{xq); (5.7)
Q) — Qylag). (5.8)

These equations may be solved for Q,(x) to yield
Q) (1-+2)Qyliq) —1°g* o) — B Qslag®) = 0. (5.9]
Hence by Lemma 1, (3.9) has a unique solution (since it has one solution)

with ,(0) = 1. Therefore the system {5.6)-(5.8) has unique solutions

with ©,(0) = Qu(0) = Q4(0) = 1.

Consider now

x 21 '.Zmﬂn {xq‘2m+1‘g) .
Ry(x) = TSt ) (3.10)
mZ—'O ”m(' g4 }
i J_z.qum —2r111 (Iq2m+1 q) (5.11)
“=, —7%.4°)
= 2t ‘Zni’—Emn_ (_rq‘.lrruﬁ q) _
Bz =S =4 4, 5.12
l(x} 2 nrn('_q-js I,]Z} (d }

Clearly Bq(x) = Ry(2g).
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Also
T Inic 2m -l 2hi
Rpo)—Ryaz) = S 1 1, (xg ¢
) =1 llm{_gzrqaj
R S A i 7 ety
P l_[m(__q q )
. w2, 2t 2 2m Prt -2
e N Y - Me{trg)g™ 2, )
mot m[_g - )
= g2 B ().
Finally

= -2m Zn':zvzmlll T 2m+2, 1 topeydet-1_ l}
Ryx)—By(x) = g l(-[q{_ _qzqg,i) -

=10
= xq (egPg™ ._:_”_a_n_((._)f—"?.m,_l: 7)
“ (=% )
= xqh,{xq).

Thus we see that the functions B () (0 - L, 2, 3) fulfil (3.6}, (5.7),
and (5.8); therefore by the I‘{‘Illﬂl‘k fullowing (3.9), R {«) — @ (x)
(e =1, 2 3), Takingx — 1. ¢ = 1. 2, 3. and utilizing (2.9). we obtain
(5.3}, (5.4). and {3.5).

Our last theorem is originally due to Bailey [{3}) 422]; it has subse-
guently been proved by L. T, Slater [(11) 156].

THEOREM 9.

I L% ¢ < 7 1lg,( —¢. 9)
(l_g?l)-l = - - 3 .
nxo0, :’Elluodﬁ] It 1.4} = ﬂm(—q3, ({3) ][Qm{_qd_ g.i)
{5.13)
ﬁ (l—gm)—t = I (—¢% % o gsmwml‘l[am‘(_q:q)(]_ q3m-2};
LR :rlz_-j}nodﬂ} nx{—gtﬂ =0 I[m(_glszq‘i)nﬂm—-l(_' qa, 9’3)
(5.14)
] - ikl @il (—q.q)
(1—gm)t = 1 - LA
n=q, . HmOdg} H_,[—Q 3] Z—:)Hrn — @ 1, (—F %)
] {5.18)

Proof. From (2.1) and (2.2), we sec that if

S,;(.I‘:} == J-Li( P g)l
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then Sy(0)— Syfz) = PP Sy (5.16)
Sy{@)— Sylw) = 22g2S,(vq): (5.17)

Sylx}— S (x) = wgS3{xq}): {5.18)

alr) = Slxq). (5.19)

These equations may be solved for .S,(x) to vield
8y () — (L+70) 8, (0g) — 221 g 2g2) Sy{ag) -
“adgT S (@) — xS (wpt) = 0. (5.20)
Henece by Lemma 1, (5.20) has a unique solution (since it has one) with
8,(0) = 1. Therefore the system (5.16)-(5.19) has unique solutions with
8,(0) = S,(0) = 8{0) = §{0) = 1.
Consider now

ki p3m 3}?!91'[;_(__-(396:}1_—3,93} .
T = T : 5.21
4(1) =0 Hm(_qargB}H:(_:rq:}m—.—l, g} (‘) )

s i +dn 1__1) I‘]T( _raqem-| 3) (}3) -
Tx)= > ~ 14 (1—x ; 5.92
o Z 1L, (=% ¢*) T (—~xg®™, q) (5.22)

m=1Uu

. ' xaf?!q3f’iz*-3m(1 _xﬁq:!m—'.!] 1'[3_ { _ x3q6m+6, gﬂ) . _
= z Ha( % g (—xg®™t g) (6-23)

x x.‘iqum’—Sm Hr. (— .r3q6m+6: q3)

:{‘ ‘- - L] --24
() £ I (—¢ ¢ L (— 2?2, q) (5.24)
Clearly T(x) = Tixg)
Furthermore
w0 xamqsms_,_;;mn (—.123*’1’6"1‘6‘ 9'3)“ _,x2q3m+2_,]_;_xg3m—1)
Tl —T{x) == w ‘ 3
alx) W) ?,,20 T, (=2 ¢ T (—ag™™ L g)
) x3mq3m= ,3m“y(_r_3gﬁm+ﬁs q3)m93m+1( I -—xq)
a mZo ]'[m{....qii_gS}[II(_xqana+1, q)
= o }Br:ifarri'—smn_x_ —{raB 6m'+3’ 3] — 1
:xqz g1 3£n(q)q 3E)( q)
= I, (-- % o (—(=q)g°™, q)
= aqTy(xq).
Also
* xamqam‘nx(_x:;qﬁm-,a? g3}(l__xq3m__93m_;:_rgam)
Ti{x)—T, = AN
4(x) 3(-17) mZD “m(_QS. ’{3} I'I,:(—xqm", g)

o (_Ig}Srng.'im!-;_am H::( - (xq):igsm_;_s, q3)
I, (— 7 ) T —(2g)g %, )

= 23T {xq).

= 3%}

m=1}
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In order to verify (5.17) for the 7, (x), we must make use of the following
auxiliary funetion, k{x).
* 3m+4 'i(m+1,.<m+’,ll] _ Bri-8 3
iy A= 0, ¢)
hix) = -
) Z (=g Tyt )
_ 'E.?.v.-:—lqamim——lln ( x(!qb'm—s 3)(1 q.’sm}
Ilm(_q i }I-[ ( ‘?am q‘l

=1

T —10
Thus

Tyx) =Tz} -4 R{x)

. Z !lIm: 3m® -L.im” ( 3,3 Grr—3 ,? }{1_)_
AR A | I EEE VLN
_xSmg.'im’-| 3m( IJ'C]3’”‘2}H ( 3.3(;,6::1-1'—6: gS) B
O (—¢* @) L —xg™", q)
_'{‘3”‘"1{}13”' -_—3:!1]_[. (—-—-.‘.I qﬁm -3 (j' }{ _{.'Sm)}
HF!!(_GFS’,{ )I]T( ‘rq‘]”‘.‘g.]

mO'

) x 1'3”‘q3”1'+3ml—[_1,.{ xaqtim;_s! L]S i .
= fnzo I1 m(_ga, g3) ]_—I_L( _Iq&‘nl (”

* ‘:( 1 —.l}f 1 __I;Sqlim+a) _ ( 1— i.zqam_z ?( [ __xqam } _}_ .’C( 1 _qu}( 1— Isqsm -+ 3)}

:"ﬁ l.:'lmg:hnz-i-:im l l (_ I'd.qﬁm - ﬁ? gJ] o . . .
— o ; .l'l G- 2 l_ B l_ . .‘lm-lb
Z L, (—¢% ) (e 2 (e

m=0
IQqEIBmQSmZ.; 113 1_[4.'3( _ ISqu —-9’ (13]( 1— x3q5m+3)
I, (—¢% Q‘s) 1, (—rg*n=2, g}

I2q2x3mq3m’+5m HT( _,Isqb‘m . 9._ (!-,a)“ — it gam-l 1 1 a2 q.in -1(1 J,am :2})

Hm(""ffs_.g%l'] (._{-gim 2 g}

m—=0

o = (:arg}“"‘qam%ra’“l—lx(—(l‘glsqsm_ﬁ -)(1_(;1*(1" am -

= g L ﬂm{——qa,qs}nr_(qdqa""2_ g)
z x3n1—4q3(m+lkm—a‘ul'l_( -L:sqsm—s 93)
B ,Zo (¢ ) 11 {—xg* 2, g%}
= 2% Ty {xg)+h{x).
Therefore Tya)—Tylx) = %> Tylzg).

Thus we see that the functions T,(x) (2 = 1, 2, 3, 4) fulfll (5. 1(;) ('3 9);
therefore by the remark following (3.20), 7' (x) = S (x) (@ = 1. 2, 3, 4).
Taking x = 1, a = 1, 2, 4 and utilizing {2.9), we obtain (.),l.i)_. ( 14y,
and (3.13).
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