PARITY IN PARTITION IDENTITIES

GEORGE E. ANDREWS

ABSTRACT. This paper considers a variety of parity questions connected with
classical partition identities of FEuler, Rogers, Ramanujan and Gordon. We
begin by restricting the partitions in the Rogers-Ramanujan-Gordon identities
to those wherein even parts appear an even number of times. We then take up
questions involving sequences of alternating parity in the parts of partitions.
This latter study leads to: (1) a bi-basic g-binomial theorem and g-binomial
series, (2) a new interpretation of the Rogers-Ramanujan identities, and (3) a
new natural interpretation of the fifth-order mock theta functions fo(q) along
with a new proof of the Hecke-type series representation.

1. INTRODUCTION

Parity has played a role in partition identities from the beginning. For example
[7; p. 5]

Euler’s Partition Identity. The number of partitions of any positive integer n
into distinct parts equals the number of partitions of n into odd parts.

Equivalently in terms of generating functions: for |¢| < 1, [7; p. 5, eq. (1.2.5)]

(1.1) [Ta+e= Hl_q%
n=1 n=1

Now the Rogers-Ramanujan identities [7; p. 109] do not immediately involve
parity.

First Rogers-Ramanujan Identity. The number of partitions of any positive
integer n into distinct non-consecutive parts equals the number of partitions of n
into parts congruent to £1 (mod 5).

Equivalently in terms of generating functions: for |¢| < 1, [7; p. 113, Cor. 7.9]

00 " B 00 1
(2 1+ Z::l I-q)(1—¢*) - (1—q") nl;[l (1=¢g A =g )

However B. Gordon [15], [17] and H. Géllnitz [13], [14] independently introduced
parity considerations as follows:

First Gollnitz-Gordon Identity. The number of partitions of n into distinct
non-consecutive parts with no even parts differing by exactly 2 equals the number
of partitions of n into parts = 1,4, or 7 (mod 8).
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Equivalently in terms of generating functions: for |¢| < 1,

oo

U +g®) (L) 1
13 1+Z (1—-¢2)1 —g4)---(1—¢2n) _1:[1(1_anfl)(l_q8n74)(1_q8n77)'

There are several results of this sort related to the Rogers-Ramanujan identities
[14]. In addition, in his Lost Notebook [8], [10] Ramanujan found g series identities
such as [8; p. 57, eq. (1.10)g]

0o (1 o qn) oo qm(m+1)/2
2 (” 2 <1—q2><1—q4>~-~<1—q2m>> ’

n=1 m=1

i (71)nqn(n+1)/2 2§: (7q)n(n+1)/2
= (1+g?(1+¢2)? - (1+q")? T2 A+ +eh) (1 + ¢

It was noted in [5; p. 55], that

n(n+1)/2

(1.5) ;)OE(n _1+Zl_q = =)

is the generating function for OF(n), the number of partitions of n into distinct
parts in which the parity of parts alternates and the smallest part is odd.

These examples from the literature foreshadow the deeper examination of parity
in partition identities that will be undertaken here.

Our first major exploration will concern parity in the celebrated Rogers-Raman-
ujan-Gordon identities [1], [16]:

Rogers-Ramanujan-Gordon identities. Let By, ,(n) denote the number of par-
titions of n for the form

by + by + -+ + by,
where b; 2 bjy1, by — biyk—1 2 2 and at most a — 1 of the b; are equal to 1 and
1< a <k Let A q(n) denote the number of partitions of n into parts # 0,+a
(mod 2k 4+ 1). Then for alln = 0,

Ak.a(n) = B.a(n).
After Gordon’s proof of this theorem in 1961 [16], there was subsequently dis-
covered a generating function version in 1974 [6]: for |¢| < 1
N+N3+++NZ_;+Na+Naj1+-+Ne_1 00 1

q _
(16) 2 (@ Dy (G Dy -+ (a5 B 11 1—qn

ni,...,nE_120 (q’Q)nk_l n=1
n#0,+a (mod 2k+1)

where
Nj=mnj+mnj1+-+ng1,
and
(Aq)n = (A)n=(1—-A)(1 - Ag)--- (1 - Ag"™").

We now involve parity restrictions:

Theorem 1. Suppose k = a = 1 are integers with k = a (mod 2). Let Wy o(n)
denote the number of those partitions enumerated by By, o(n) with the added restric-
tion that even parts appear an even number of times. If k and a are both even, let
Gr.a(n) denote the number of partitions of n in which no odd part is repeated and
no even part = 0,%+a (mod 2k + 2). If k and a are both odd, let Gi o(n) denote
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the number of partitions of n into parts that are neither = 2 (mod 4) nor =0, +a
(mod 2k 4 2). Then for allmn =0,

Wi o(n) = Gia(n).

Theorem 2. Suppose k = a = 1 with k odd and a even. Let W, .(n) denote the
number of those partitions enumerated by By o(n) with added restriction that odd
parts appear an even number of times. Then

— - 1 °° 1
1.7 Wean)g” = [T ———— .
D S STEY | FE-= | G
n=0 nZ0,+a (mod 2k+2)

In analogy with (1.4), we shall prove equivalent generating function identities.

Theorem 3. Fork2a 21, k=a (mod 2),

qu+N§+---+N,§_1+2Na+2Na+z+..‘2Nk_2

n1,mn2,...,Nkg—1

= Z Wk,a (n)qn

n=0
- Z Gk:,a (n)qn
n=0

(_q7 q2)oo(qa; q2k+2)oo(q2k+2_a; q2k+2)oo(q2k+2; q2k+2)oo

(%:¢%)

(q2; q2)n1 (qg; qz)nz T (q2; qz)nk—l

(1.8) -

and if k 2 a 2 2, k odd, a even, then

qu+~~~+N,3_1+n1+n3+~~~+na73+Na71+Na+--~+Nk_1

ni,...,nEp—120

(q2§ q2)n1 (q2§ q2)n2 T (q2; q2)nk—1

2k+2)oo(q
(4% ¢%) 0
(qa; q2k+2)oo(q2k+2fa; q2k+2)oo(q2k+2; q2k+2)oo

(=% ¢%) o (45 q Zkt2-a; g2k +2) (gPRH2; g2k

) (=4:4%) o0 (a4 9) o

The second part of our investigation concerns the alternating parity of parts
related to partition functions like OE(n) from (1.5). There will be numerous results
derived on this topic. We sample the flavor of these results with the following
unexpected variation on the first Rogers-Ramanujan identity. To do this we require
the following definition:

The upper even indexr of a partition Ay + Ao + -+ - + A4 is the number of terms
in the longest decreasing subsequence of parts A; beginning with an even part and
alternating in parity.

Corollary 15. The number of partitions of n into distinct parts each larger than
upper even index equals the number of partitions of n into parts = +1 (mod 5).

Beyond this variation on the first Rogers-Ramanujan identity, we are led natu-
rally to Ramanujan’s mock theta functions [9].

Let us define RUE partitions of n to be those described in the first part of
Corollary 15.
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Theorem 17. Let ru.(n) (resp. rus(n)) denote the number of RUE partitions of
n with an even (resp. odd) upper even index. Then for the fifth order mock theta
function fo(q), we have

fol@ =3 —L— =3 (tue(n) — ruo(n))g™
n=0

= (G

We shall, in addition, look at a variety of alternating parity questions, and shall
be led inexorably to improving the development of the Hecke type series for fo(q).
Surprisingly there is a nice relationship of fy(g) with the little g-Jacobi polynomials
[12; p. 27].

It should be emphasized that there is more in common than just parity consid-
erations between the refinements of Gordon’s Theorem (Sections 2-5) and parity
indices (Sections 6-12). Indeed comparison of Theorem 4 at k = 2 and Theorem 18
reveals that we are considering instances of

s n?,..n
3 q" 2" fn(y; q)
= (@%d%)n

where we want f,(0;¢) =1 and f,,(1;¢) = (—=¢; @)n-
For such polynomials we see that y = 0 leads to Euler’s series

i anxn
"0 (a%d*)n
and y = 1 leads to the Rogers-Ramanujan series

= q

(G @)n

2

nxn

This entire project began with the observation that there are two obvious choices for
f, namely H,, the Rogers-Szego polynomial (defined in Section 5) and (—yg; ).
The first choice leads naturally to Theorem 4 and subsequently to everything in
Sections 2-5; the latter choice leads to the material in Sections 6-12.

Finally we note that K. Kursungoz has made an extensive combinatorial study
of many of the the theorems in this paper and has obtained corresponding bijective
or sieve-theoretic proofs. We will catalog his achievements in Section 13.

2. BACKGROUND

In subsequent sections, we require a number of results and techniques from the
literature. We shall collect all those elements in this section.
Our proof of Theorems 1 and 2 will require the following. As in [1], we define

oo ) 1— xiq(2n+1)i) (xq, q)n
2.1 Ck,i z:q) = -1 nxk'nq%(%-&-l)n(n-&-l)—m ( 7
o Y ,;0( ) (@G Dn
22) g Ceslaia)

(T4 q)oo
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It was shown in [1] and [3], that

(2.3) Qro(z;9) =0,

(2.4) Qi k+1(239) = Qu(3 q),

(2.5) Qr,—i(x;9) = —(2q) ' Qr.i(w;9),

(2.6) Qr,i(%:9) — Qri—1(59) = "¢ Qu i1 (245 9).

The functions Qy ;(x; ¢) play a vital role in the proof of the Rogers-Ramanujan-
Gordon identities given in the introduction. Namely, if we let by, o(m, n) denote the
number of partitions enumerated by By q(n) that have exactly m parts, then [1]

(2.7) Qra(r:9) = > bra(m,n)z™q".
m,n=0
In addition (cf. [1] or [3])
(qa; q2k+1)oo(q2k+1—a; q2k+1)oo(q2k+1; q2k+1)oo

(2'8) Qk,a(hQ) =

(¢ @)oo
In [6], it was shown that

NP+NZ+ 4+ Ni_y +Ni+ N1+ 4+ Ne—1 o Ni+No++Ni 1

(29) Quilzmg= Y ¢

ny,...,nkE 20

(@ D (G Do - (G Dy

We also require the g-binomial coefficients

N 0 itM<0or M >N
2.10 = k. gk
(2.10) [M} X — (@ qk)]\; otherwise
(*:0%) pr (4% 0") v
These satisfy two basic recurrences [7; p. 35, eqgs. (3.3.4) and (3.3.3)]
N N -1 N -1
2.11 = M
o) b R R
N N -1 N -1
2.12 = k(N =M)
( ) [M} k [ M L o M —1],

We conclude this section with some remarks about standard methods used for
partition generating functions.

Often we will refer to f(z;q) as the generating function for all partitions sub-
ject to certain constraints C. By this we mean that if Pz(m,n) is the number of
partitions of n into m summands subject to the constraint C, then

flx;q) = Z Pe(m,n)z™q".

m,n=0
Next we shall often use the Shift Rule. Namely
f(ad’;q)

is the generating function for partitions subject to C wherein each part has had j
added to it.

Additionally we often shall consider that the partitions subject to constraint C
must also have all their summands < N. The generating function will now be
denoted by f(N,z;q).
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Often we will obtain recurrences for f(N, x; q) utilizing the Largest Part Decomn-
position Principle as follows:

f(N,z:q) = f(N — 1, x;q)
+ generating function for those partitions subject to C and
having N as a summand.

Next let us suppose that adding a given j to each part of every partition con-
strained by C produces exactly all those partitions constrained by C whose parts
are > j. Under these circumstances we may have a Smallest Parts Decomposition
Principle as follows:

flasq) = f(2d;q)
+ generating function for those partitions subject to C and
having at least one summand < j.
Finally suppose that we have two sets of functions f;(x,¢q), 1 £ i < r and g;(z, q),
1 <4 < 7 which are analytic in 2 and ¢ for |¢| < 1 and |z| < |g|~!. Furthermore
suppose that for each 4, f;(0,q) = ¢:(0, q),

(2.13) fi(z,q) = Z hi (2, ) f; (2q°07) q)
j=1

and

(214) gl(xaQ) = Zhl,_](x7q)gj (qu(lJ)aQ)7
j=1

where the e(i, j) are all positive integers and the h; ;(z, ¢) are polynomials in & and
q. Then it follows by a double induction on the double power series coefficients that

We shall refer to this process of identifying two sets of functions as the Defining
q-Difference Equations Principle.

When we invoke this principle, it may be the case that linear combinations of
the given functional equations are necessary to fulfill precisely (2.13) and (2.14).

3. THEOREMS 1 AND 2

Suppose we let wy o(m,n) (resp. W q(m,n)) denote the number of partitions of
the type enumerated by Wy ,(n) (resp. Wi o(n)) that have exactly m parts. The
related generating functions are

(31) Wk,a(x;Q) = Z wk,a(man)xmqna
m,n=0

and

(32) Wk,a(x;Q) = Z EIc,a(rn7n)xmqn'
m,n=0

Our first object will be to show that

(3.3) Wia(@:4) = (=2¢;¢*) Qs s (4% ¢%)

provided k = a (mod 2), and when k is odd and a even,

(34) Wial(w:q) = (—2¢:¢°) Qe 2 (2% ¢%).
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We begin with k even (and thus only consider (3.3).

Case 1. The even case. Here we replace k by 2k and a by 2a, and consequently we
need (3.2) to show that
(3.5) War2a(; q) := (—2¢; ¢*) oo Qk.a (2% ¢%).

We start off by adding together instances of (2.6) for 1 < ¢ £ a and noting
Qr.0(2?;¢*) = 0 by (2.3), thus by (2.6)

a

Qa2 6®) =D (2°¢") ' Qrar—it1(2°¢%: ¢%)

=1
a . k—i+1

(3.6) => @) ) @) Qrr—nia (2Pt ¢P).
=1 h=1

Now defining
(37) %k,2a(x;q) = (_xq;QQ)OOQk,a(x2;q2)7
we see that (3.6) implies

Vak,2a(%; ¢) =
(3.8) a ZAUme kil 2h—2 times
. (1+ zq) Z $2(i—1)q1+1+“+1 Z mz(h_l)q’z+2+ . ‘+2\V2k,2k72h+2(xq2; 2.
=1 he1

However, we may establish combinatorially that

(3.9)
Wak,24(25q) =
a 2i—2 times 2i—1 times k—i+1 2h—2 times
2(i—1)  1+1+...+1 2i—1 1+4+1+...4+1 2(h—1) 2+42+...4+2 2
1— 11— - .
> (220N +a% g dYow q Wak,2a(2473 q).
=1 h=1

To see this we note that if in the partitions enumerated by wy o(m,n) 1 appears
2i—2 times and 2 appears 2h—2 times, then 3 can appear at most 2k—(2h—2)—1 =
(2k — 2h 4+ 2) — 1 times. Thus by the Shift Rule, this particular set of partitions is
generated by

x2i_2q2i_2x2h_2q4h_4W2k,2k_2h+2(qu; q).
In precisely the same way, those partitions enumerated by wy o(m,n) in which 1
appears 2i — 1 times and 2 appears 2h — 2 times have as their generating function

pHTL R gdhmdyy (26 q).
Now summing over 1 £ i S aand 1 £ h £ k—i+ 1, we obtain (3.9). Thus by
Defining ¢-Difference Equations Principle
(3.10) Vak,2a (3 q) = Wag 24(; q)
which establishes (3.3) in the even case.
Case 2. The odd case. This case is somewhat less intricate because we can combine

the proof of (3.3) and (3.4) in this case. Namely replacing k by 2k + 1 and a by
2a 4+ 1 in (3.3) and by 2a in (3.4), we see that we need to prove

(3.11) Wakt1,2a+1(239) = (=265 6°) 0o Qps 1 a4 1 (2% ¢°)
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and

(3.12) Wakt1,2a(250) = (=20°56*) 00 Quy 1 o (2°5 %)
Following the example of the previous case, we define

(3.13) V2k+1,2a+1($;Q) = (_mq;q2)OOQk+%,a+%(x2;q2)

and

(3.14) Vakt1,2a(259) = (—26°;¢*) oo Qi 1o (2% ¢%).

We shall next derive a defining set of g-difference equations and initial conditions
for the V’s and V’s. First by (2.3)

(3.15) Vart1,0(239) =0
and otherwise
(3.16) 1= Vart1,2441(0;9) = Vart1,2a+1(2;0) = Vori1,24(059) = Vogt1,2a(2;0).
As for the ¢-difference equations
Varr1(239) = (—2¢;6*)Qpy1 1 (%1 ¢%),
and by (2.5) and (2.6),

_1 _1
Qk+%,%($2§q2)(1 + (2%¢) 2) = (2°¢%) 2Qk+%,k+1(x2q2;q2);
SO
(3.17) Vor1,1(%3q) = Vargr 2642(2g; ).
ForO<a<k
Vort1,2a41(239) — Vars1,2a-1(2;5 q)
= (—2¢;¢*)oo (Qk+%7a+%(x2;q2) - Qk+%7a_%(az2;q2)>
1
= (=2¢:¢") 0o Q1 1 ka1 (270 4*) (27¢%)" 2
(3.18) = (zq)** (1 + 2q)Vort1,2k—2a+2(2¢; q),
and

V2k+1,2a+2($; Q) - V2k+1,2a(l‘; (J)
= (—2¢%¢") (Qk+%,a+1(m2§q2) - Qk+%,a($2§q2))
= (—2¢%¢")oo(2°0*) " Quy 3 k—ar 3 (2°0%: ¢%)
(3.19) = (29)* Vak+1 2k—2a+1(2¢; ).

The initial conditions (3.15) and (3.16) plus the ¢-difference equations (3.17) and
(3.18) will allow us to identify the V’s with the W’s provided we prove that the
W’s satisfy the same conditions.

Clearly

(3.20) Woaky1,0(z;9) =0

because there are no partitions with £ —1 appearances of 1.
Also

(3.21)1 = Wakt1,2a+1(0; @) = Wars1,2a41(2;0) = Wars1,24(0;¢) = Wak1,24(250)

because in each case the only partition allowed is the empty partition of 0.
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Now
w2k+1,2a+1(m, Tl) - w2k+1,2a—1(m7 n)

counts those partitions enumerated by wag+1,24+1(m,n) with the added condition
that 1 appears either 2a times or 2a — 1 times. We transform these partitions by
deleting all the 1’s and subtracting 1 from each of the remaining summands. If
there were initially 2a ones, then there were initially at most (2k —2a+1) — 1 twos
(remember two cannot appear an odd number of times), and subtracting 1 from
each part changes the parity of each part. Hence this first class of partitions is
enumerated by

Wak+1,2k—2a+2(M — 2a,n —m).

If there were initially 2a — 1 ones, then there were at most (2k — 2a +2) — 1 twos.
Hence this second class of partitions is enumerated by

Wok41,2k—2a+2(m — 2a + 1,0 —m).
Putting this all together, we see that
(3.22)  wak41,2a+1(Mm, N) — Wapt1,2a—1 (M, M)
= Wok+1,2k—2a+2(M — 2a,n — M) + Wag11,2k—20+2(M — 2a + 1,n — m),
and (3.22) may be translated to the related generating functions:
(3.23)  Waps1,2a+1(23q) — Wapy1,2a—1(5q)
= (2¢)** (1 4 2¢)Wak+1,2k—24+2(2q; q),
which is (3.18) for the W’s. Finally
Wak+1,2a+2(M, N) — Wak+1,24(M, N)

counts those partitions enumerated by Wag+1,2q4+2(m,n) with the added condition
that 1 appear 2a times (keep in mind that 1, being odd, cannot appear 2a+1 times).
We transform these partitions by deleting the 1’s and subtracting 1 from each of
the remaining summands. Since 1 appears 2a times, then there were initially at
most (2k + 1 — 2a) — 1 twos. As before, subtracting 1 from each part changes the
parity. Hence the transformed partitions are enumerated by

Wok+1,2k—2a+1(M — 2a,n — m).
Therefore
(3.24) Wak+1,2a+2(M, M) — Wagy1,2a(M, N) = Wag11,26—24+1(M — 2a,n — M),

and (3.24) may be translated to the related generating functions

(3.25) Wokt1,2a+1(730) — Wari1,20-1(250) = (29)** Wakt1 26—24+1(2¢; q)

which is (3.19) for the W's.
Hence by the Defining ¢-Difference Equations Principle, the W’s and the V’s are
identical. I.e. (3.3) and (3.4) are valid.
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The proofs of Theorem 1 and 2 are now quite straight forward.

ZWk,a(n)qn = Z wk,a(m;n)qn
n=0

n,m=0
=Wia(1,0) = (~4:6*) Qs = (1)

(_q7 qQ)OO(qa; q2k+2)oo(q2k+2_a; q2k:+2)oo(q2k+2; q2k:+2)oo

(4%:4%) oo

2k+2)oo(q2k+2—a; a2k+2)oo(q

(by (2.8)) -

(qa’ q 2k,+2; q2k+2)oo

(456%)00(@*; ¢%) o
(3.26) = Graln)g".
n=0

The last line follows from the antepenultimate line if k£ an a are both even and
from the penultimate line if £ and a are both odd. Comparing coefficients in the
extremes of (3.26), we see that Theorem 1 is proved.

Finally for k£ odd and a even,

o0
> Wia)q" = Y Wra(n)g"
n=0 n,m=0
=Whra(l,9) = (—¢*¢*)Qx 2 (1;¢%)
(qa; q2k+2)oo(q2k:+2—a; q2k+2)oo(q2k:+2; q2k+2)oo

(3.27) = (—4;6%) 00 (€5 @) o 7

by (2.8) as asserted in Theorem 2.
While there is no really clean classical partition-theoretic interpretation of (3.27),
it can be interpreted via overpartitions (cf. [11], [18]). Also the equivalent assertion

o0

(1 _|_ 9 Z(_l)nq2n2> Z Wk7a(n)qn — Z (_1)nq(k+1)n(n—1)+an
n=1 n=0

n=—oo

yields a very nice recurrence for Wy, 4(n).

4. THEOREM 3

In light of (3.2) and Theorem 1 we shall first prove that

(41) (~4:¢)=Q% a(1;6%)

= Y 4

ni,...,ng—120

NP+ NZ+-+NZ_ 1 4+2Ng+2Naq2++2Nk_2

)

(@5 0*)ni (0% 0%)ns -+ (6% 0% )niy
where, as noted earlier, N; = n; +n;41 + -+ + ng—1.

Case 1. The even case. As before we replace k by 2k and a by 2a. We shall prove
that

(42) (=26, ¢%)cQr.a(2”;¢%)

> qu+N22+~-+N£,1+2N2a+2N2a+2+“'+2N2k—2xN1+N2+"'+N2k—1

(q2§ q2)n1 (q2; q2)n2 T (q2; qz)n%—l

MN1yeeeyN2—1=—00
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Note that we sum from —oo to oo for convenience; indeed the extended definition
(¢:9)n = [[;2,(1 = ¢7)/(1 — ¢**7), means that 1/(¢;¢)n, = 0 if n < 0. First we
replace each no; by no; — no;y1 for 1 <4 < k — 1. With this change of indices
Noi—1=mn2i—1 + N2 +Naiyo + -+ Nag—2
and
Nai = ng; + noiyo + - + nog—2.
Thus we may rewrite the left-hand side of (4.2) as

>0 q2N§+2N42+~~+2N§,Q,2+2N2a+2Nza+2+~~+2Nzk72x2N2+2N4+-~+2N2k72

2. 2 2.2\ ... (22
normnae—oo (@582 (43562 0y (%567
« § :q"?"rinN2+71§+27l3N4+“'+"§k,3+2nzk—3N2k—2+ngk,1x7bl+7b3+“'+7l2k—1

ni,ng,...,n2k—120
1 na| |na4 Nok—2
ey
(q 4 )n1 N3] o [M5]9 N2k—1]9
q2N§+2N2+»~~+2N§k,2+2N2a+~~+2N2k72x2N2+---+2N2k72
- 2. 42 2. 2 2. 42
I on O (/) L U o R (e R R
14+2Ns, 2 142Ny, 2 1+2Ng. 2 L2
x (—zq"™*2¢%)  (—wg' PN 67) (—wd TN 67 e (—agi6P)

= (—2¢;¢%) Q. (2*; ¢*),
(by [10; p. 36, eq. (3.3.6)])

n2k—2

where we have combined the inner numerator factors into the single infinite product
(—2¢; ¢*) oo and have invoked (2.9).
Finally setting z = 1 in (4.2) yields (4.1) in the even case.

Case 2. The odd case. Now we replace k by 2k+ 1 and a by 2a+ 1. We shall prove
that

.2 2,2
(4.3) (-26:4") 0@t a1 (@5 07)
Z gNTH NS+ NG +2N2a11+2Noa g+ +2N2k—1 p Ni-No-+Noy,

N1,k 20

(@%50%)n, (@%50%)ng -+ - (425G ) nay

We now define

(4.4) Roki1,2a41(2) = (—2¢; q2)ooQk+%,a+% (2% ¢%),
and
(4.5) Rots1,20+2(7) = (=26% ¢*)ooQpy 3 a1 (2% %)

Hence for k+12a > 0,
Rok+1,2a+1(%) — Rogg1,2a—1()
(—2¢; ) oo (Qk+%,a+%($2; 0*) = Qpy1 a1 (@ qz))
= (—2;¢%)00 (720%)" 2 Qpy 1 a1 (0% 4%)
= (2q)** (1 + 2q) Rok 41,2k —20+2(2q)

(4.6)
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(note that for @ = k+1, this implies Rogt1,2k+3(%) = Rogt1,2k+1(2)), fork 2a 20

Rot1,2042() — Ropi1,24(7) = (—26% ¢%) oo (Qk+%,a+1($2; q°) — Qk+%,a(x2§ q2))
= (20)**(~26* ¢*)ooQps 3 k-ar 1 (+°0% 6%

(4.7) = (2q)** Rakt1,26—24+1(79),

and for a =0

Roky11(@)(1+27¢7") = Ropy11(2) — Ropgr,—1(2)
= (2q) " (1 + 2q) Roks1,2642(2q),

or
(4.8) Ropy1,1(7) = Ragy1 2k4+2(2q).
Now equations (4.6) — (4.8) are a defining set of ¢-difference equations once we note
the obvious initial conditions for z = 0 and ¢ = 0.
Furthermore, when k£ = 0, the unique solutions are
Rl,l(l‘) = Rl,g(l‘) = 1, Rl)o(.’lﬁ) =0.
We shall now prove that if for 0 < a < k

2k—1)n2+2(k—a)nm(2k—l)nR2k_1 2041 (Z‘an)

—2q;¢%), (
(4.9) R2k+1,2a+1($) = Z (22 47)ng

n>0 (q2;q2)n 7
and for a =k +1
e f2)  4(2k—1)n2 (@n-1)np 2n
Rt 2nsa(z) = Z (—2q:¢%)nq 332 : ok—1,2k—1(2q")
=5 (4% 6*)n
(4.10) = Rok+1,26+1(2),

andiffor 0 <a <k

(4.11)

(—2%; ) ngPF— D HCR=204 Dng Gh=Dn Ry, (2g?)
(4% ¢%)n ’

Rok+1,24(x) =
n>0

while

(—17; q2)nq(2k71)n2+n$(2k71)nRzk—1,2k(3«”q%)
(4% ¢*)n ’

(412)  Rokrraria(z) =)
n=0

then for 0 S A< 2k+3, k>0,

(4.13) Rok+1,4() = Ragt1,4(2).
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We now proceed to the base case, k = 1, in order to establish (4.13) by mathe-
matical induction on k. The asserted expansions for the R’s are:

(—xq; q2)nqn2+2nmn
4.14 Rs1(x) =
( ) 3,1< ) Tgo (qz;q2)n
(—26%; ¢*)ng™ T 2"
4.15 Rsao(x) =
(4.15) 3,2(x) g (0% ¢%)n
_ .2 n?, n
(4.16) Ras(x) = Rag(r) = %
’ = (%)
(=23 g%)ng" +"a"
4.17 Rsa(x) =
(4.17) 24(®) 7; (4% ¢®)n
By inspection we see that,
(4.18) Rs5(x) —Rss(z) =0= 1;3(1 + 2q)R30(zq)
(4.19) Rs31(x) = R3a(zq)
(4.20) Rs32(x) = Rs33(xq).
Also
(—2q;¢*)ng" 2"
Rss(x) — Rsi(z) = —_—
33(1) = Rs () Z )
(— (xa)a ¢*),a" T (zq)"
=xzq(1 + zq) i
7; (2% 4*)n
(4.21) = 2q(1 + 2q)R3,2(zq),
and

2
(—2¢% ¢*)n—1q™ T2 (1 +z) — (1 + z¢*"))
(@%:¢*)n

Rsa(z) — Rso(z) = Z

n=0

=z Z (— g% qz)nqqnunxn
= (@%4*)n—1

2y (- (zQ)a: ¢%) ,a" 2" (xq)"
n=>0 (qQ; q2)n
(4.22) = 2°¢*Rs.1(zq).

Now (4.18) — (4.22) are just (4.6), (4.7) and (4.8) in the case k = 1. Thus, noting
the concurrent initial conditions, we see that by the Defining g-Difference Equation
Principle, (4.13) is valid for k = 1.
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We now assume that (4.13) is valid up to but not including a fixed k. Hence

—xq; 2 n (2k*1)”2+2]€nx(2k71)nR B T on
Rak+1,1(x) :Z( ;9% )nq ok—1,1(xq"™)

= (@%:¢*)n
(2k—1)n?+n (2k—1)n 2n+1
—2¢; ¢*)nq (zq) Rop—1 21 (xg* 1)
by (4.8 = E :
(by (48)) = (@%:¢*)n
(4.23) = Rokt1,26+2(2q).

So (4.8) is valid with the R’s replaced by R’s.
Next for 1 £ a < k,

Rok+1, 2a+1( ) — Rok+1,2a—1(2)

2q;q¢*)n (2k—1)n?+2(k—a)n . (2k—1)n
Z S (a%¢*)n (RZ’“*LQGH(W%) 7q2nR2k71,2a71($q2n))
n=0 ’
Z —xq; q q(2k71)n2+2(k7a)nl.(2k:71)n
n=0 (qQ;q2)n

X (R2k1,2a1($q2n) + (2" (1 + 2¢*" ) Rog—1 2624 (2¢*" )
(by (4.6))
- q2nR2k—1,2a—1(l‘q2n)>

2
(—xq; q2)nq(2k—1)n +2(k—a)nx(2k—1)nR2k_1)2a_1(Iq2n)

(4%6*)n-1

nzl
+(zg)* M1+ zq) >
n=0
(—xq; q2)n+1q(2k—1)(n+1)2+2(k—a)(n+1)x(2k—1)(n+1)R2k_1)2G_1(Iq2n+2)

(®:¢%)n

2
(—(29)q?; ¢*)ngPF— D +QRa=DngpCk=Dn R,y 1 o) g (xg?™)
(a%¢*)n

n>1

+(xg)** M1+ zg) >

n=0

(—xq3; q2)nq(Qk—l)n2+(2a—l)n(xq)(Zk—l)n
(4%:4*)n

(by (4.7))
X (Rzk—1,2k—2a+2(xq2”“) — (xq2"+2)2(’“*“)R2k_1,2a_1(:cq2"+2)>
(4.24)
= (2¢)** (1 + 2¢)Rak+1,25—24+2(2q),

where the sums involving R%_Lga_l(mq%*l) cancel each other. Hence we have
(4.6) proved with R’s replacing R'saslongas1 Sa<k. Ata=k+1

(by (4.10))  Rokt1,2k+3(2) — Rapt1,2641(x) =0
(4.25) = (2¢)* (1 + 2q)Rars1.0(2q)

(by (4.5) because Q,H%’O(xQ; q?) = 0). Hence (4.6) is proved in all cases with R’s
replacing R’s.
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Next for 0 < a <k

Rokt1,2a+2(%) — Ropt1,2q(x)
B Z (75“12;q2)nq(2k71)n2+(2k72a71)n$(2k71)n
et (4%¢%)n

X (Rak-12a+2(2¢°") — ¢*" Rok—1,24(2¢"))
(2k—1)n2+(2k—2a—1)nx(2k—1)n

o (—2¢*¢*)ng
=2 (4% ¢2)n

n20

X (Rzk—1,2a($q2") + (2¢*" ™) Rop 1 op—2a—1 (xg*" 1) — QZnRzk—Lza(qu"))
(by (4. 7))

-3

xq q (2k—1)n2+(2k—2a—1)nx(2k—1)nR2k7Lza($q2n)

= (4% 4*)n—1
2. 02\ (2k—1)n%+(2k—2a—1)n+4na,.(2k—1)n
rq°;¢°)ng T
+ @ 3L —
= (4% ¢*)n
% <R2k71,2k72a+1($q2n+1) _ (xq2n+2)2k—2a—1(1 + -Tq2n+2)R2k71,2a($q2n+2))
(by (4.6))

= (29)**Rak+1,2k—20+1(7q),

where the two sums involving Ror—1,2, cancel each other out once m has been
replaced by n+ 1 in the first of the two. Hence we have (4.7) proved for 0 £ a < k.
Finally for a = k

Rokt1,26+2(2) — Rogt1,26(2)

2.2 (2k—1)n24n,.(2k—1)n 2n
_ Z ( xrq-;q )n—lq . ZJ RQk)—l,Qk('rq )((1 + l‘) _ (1 + qun))
= (4% 6*)n
_ g Z —2¢% ¢?) (2k71)n2+21m(Iq)(qu)nR%_l?%(Iq2n+2)
o (4%6%)n
2
_ 2k 2k Z (2q)q; ) g 2F =D+ 20 () Ch=n Ry 4 (2qq®)
q (2;¢%)
720 979" )n
(by (4.8))

= (29)**Rop+1.1(2q)

which establishes (4.7) with the R’s replaced by R’s. Hence by the Defining g¢-
Difference Equations Principle (4.13) is true.
Hence (4.9) — (4.13) are valid if R is replaced by R.

I now claim that for 0 < a < k

NP+ +N3 +2 E§=a+1 N2j—1xN1+"'+N2k

q
4.26 R a xXr) = ’
( ) At +1( ) Z (q q ) —Ny " " (q2; qz)NQk—lwac (q2; q2)N2k
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and

(427) R2k+172a(x)

= > 4

nl_.nquO(q2;q2)N1—A&"'(q2;QZ)Aak,z—A@k,l(qQ;q2)N¢k71—Ahk(q2;q2)Nek’

NP4 4 N3 +Noa—14+Noa++Nap+ni+ns+nza—3 o Ni+-+Nay,

where N; = n; +n;4+1 + - -+ + nok and empty sums are 0.

If we denote the right hand side of (4.26) by pak+t1,.2¢+1(z), we see that by
summing the noy series using the g-binomial theorem [7; p. 36, eq. (3.3.6)] and
letting n = nog_1 we obtain

e 2) 4 (2k—=1D)n?+2(k—a)n . (2k—1)n
xq; x
P2k+1.2a+1(2) = Z (260 )ng (0% ¢) par—1,2a+1(2¢*"),
9’ n

n=0

an exact replica of (4.9) where we add the caveat that pogt1 2k+3(%) = pak+1,2k+1(x)
(i.e. (4.10)).

If we denote the right hand side of (4.7) by pak+1,24 (), we see that by summing
the ngy series using the g¢-binomial theorem [7; p. 36, eq. (3.36)] and letting
n = Nog_1, we obtain

2 2
—2¢%;¢%)nq
pari1.2a(x) = ( Jn
n=0

(2k71)n2+(2k72a+1)nx(2k71)n

(4% ¢%)n

sz—l,za($q2n)

and ,
(_1.; q2)nq(2k71)n +nx(2k71)np2k7172k(1.q2n)

(@%:¢*)n
Thus we have exactly the same functional equations for the p’s as for the R’s and
exactly the same argument shows that

P2k+1,2k+2 (33) = Z

n=0

(4.28) p2k+1,4() = Rok11,4(7)
for 0 < A< 2k + 3.

Now (4.4), (4.26) and (4.28) prove (4.2) in the odd case and consequently we
have proved (4.1).

Finally to prove (1.9), the final assertion in Theorem 3, we need only set 2z =1
in (4.5) and invoke (2.8). O
5. EVENS APPEARING ODDLY IN GORDON’S PARTITIONS

Our object in this section is to prove the following result:

Theorem 4. If k=2 or 3, then the coefficient of ¢"x™y’ in
(5 1) Z quZJrN?JrMJrN;j_lxN1+m+Nk71Hn1an - H

nE—1
n1,n2,0 k120

(@ 6%)n, (%56 ny -+ (€254 ny_y

is the number of partitions enumerated by By, ,(n) with exactly m parts and exactly
j different even parts that appear an odd number of times. In (5.1),

m:zwﬂﬂ,
i=0 12
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and as before
Ni=mn;+nip1+ - +ng_1.

Noting that H,, = 1 when y = 0 and H,, = (—¢;q), when y = 1 [4; p. 49, Ex.
5], we see that the theorem is true for all £ when y = 1 (it is the case i = k of (2.9))
and when y = 0 (it is the case i = k of Theorem 3).

Remark. K. Kursungoz has found a combinatorial proof of (5.1) valid for all k& = 2.
The proof here is purely analytic. The possibility of a fully analytic proof will be
considered in Section 13.

To set up our proof we require a couple of lemmas. First we define

(5.2)

Sk(ag—1,ak—2,...,01;2;q)
_ Z qN%+N22+'“+Nl§_1+2alnl+"'+2ak—1nk—1xN1+'“+Nk—l Hann2 - an*l
n1s 120 (q2; qz)nl ((]2; qz)n2 e (q2; q2)nk72
(5.3)
(k—=1)n’+2ar_1n (k=L)n
q x
= > % Sp—1(ar—2; ..., a1;2¢°"; q).
= (@%4*)n
Lemma 5. For 1<i<k—1,k22,
(5.4)
Sk(ar—1,ak-2,. ., ap—i,...,a1;2;q) — Sp(ag—1,ar-2,...,ap—; +1,...,a1;2;q)

=271 4 yq)gF ISy (ag_y — i+ Lag—2 —i+2,...,ak—it1 — Lag—s,...,a1;26%q)

—a2 (k=0 ok tk=0F1G) (qg 1 — 20+ 2,a5-2 — 2i+4, ..., ap_i41 — 2,054, - -, 013 2% q).

Proof. We proceed by mathematical induction on k. First k = 2. Consequently
i = 1. In the proof, we need the following recurrence for the H’s [4; p. 49, Ex. 6]

(55) Hn+1 = (1 + yQ)Hn - (1 - q2n)qun—1-
Hence
Sa(ar;x5q) — Sa(ar + 1;2;q)
qn2+2a1nIan(1 _ q2n)
(@%¢°)n
q(n+1)2+2a1(n+1)xn+1Hn+l
(4% 4®)n
gD 2 (D gt (14 yq) Hyy — (1 — ¢°")yqHn—1)
(@%¢°)n

n=0

q(n+2)2+2a1 (n+2)xn+2Hn
(4% 4%)n

= z(1 + yq)g" 2" Sa(a1; 2¢%; ) — 2yg TSy (a1 2% ).

= 2¢* (1 + yq)S2(ar; 2¢%; q) — yq
n=>0
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Thus the case k = 2 is established.
We now assume the theorem is true up to but not including a specific k.
When i =1

Sk(ak-1,ak-2,...,a1;2;q) — Sk(ar—1 +1,a5-2,...,a1;7;q)
_ Z q(kfl)”2+2a’“—1"z(k’1)”Hn(1 — ¢S, _1(ag_2,...,a1;2¢°™;q)
= (4%:¢%)n
q(kfl)(n+1)2+2ak_1(n+1)x(k71)(n+1)5k71(aki% an xq2n+2; q)
= (@% ¢%)n
x (14 yq)Hyn —yq(1 — ¢*")Hy_1)
= 2" N1+ yq)g" P S (ak—1, an-2, . .. 017G q)
2
e gkF—D(n+2) +2a(;;_21;(;1;r)2:x(k D(n+2) Sk 1(an_s,. . ar; 3g2" 4 g)
n>0
= 2" (14 yg) " TP S (aka, - - 4157675 )
2D k=D a0 g g)
which is the desired result at k with 7 = 1. Now assume k — 1217 > 1,
Sk(ar—1,...,0k—iy...,a1;2;q) — Sk(ak—1,...,ap—; +1,...,a1;2;q)
— 2 —
= Z Vi +(2;:;ql;)i(k D" H {Sk—l(akf% cey Qk—1—(i—1)5 - -+ @13 zg*"; q)

—Sk-1(ar—2,. .., ap_1——1) +1,.. ~7a1;l’q2n;Q)}
q(k—l)n2+2ak,1n$(k—1)an

(@%:¢*)n

x ((xQQ")kfi(l +yaq)g" T 218y (ak—a — i+ 2,ak—3 — i+ 3, ..., ak—_s,...,a1;2¢*" T q)

23

n=>0

—(wg®m) 2Dyttt gy ) (ag_o—2i+4,ap_3—2i+6,.. ., ak_;, ..., a1;2¢*" T Q))
(by the induction hypothesis)
— xk—’b(l + yq)qk—i+2ak,i
y Z q(k—l)n2+2(ak,1—i+1)n(qu)(k—l)anSk_l(ak_z —i4+2,...; xq2n+2; q)
(4%:4%)n

n=0
_ 2hi) ki) a1

X Z q(k_l)"2+2(a’“*1_2i+2)"(xq4)(k_1)"HnSk_1(ak_g —2i+4,...;2¢>" 4 g)
n>0
= 2" (1 +yg)gd" TP S (ap 1 — i L ake — i 42, Ak, 0152475 )
— 2y Ak ar—itlgy () 24 2 ap o — 2i+ 4, ap_i,...,a1;2q% q)
and so we have proved every instance at k thus proving the lemma. ([l

Next,
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Lemma 6.
(5.6) Sg(ap—1+k—1,ar_o+k—2,...,a1+1;2;9) = Sk(ar—1,ak—2,...,a1;2¢%q).

Proof. This follows immediately from inspection of (5.2). O
Finally,

Proof of Theorem 4. We begin with k = 2. Let us define Gi(z,y,q) to be the
generating function for the partitions named in the statement of the theorem. It is
easy to see that

(5.7) Go(x,y,9) = (1 + 2q + 2yq*)Ga(2q”,y, @) — 2*yg* > Ga(2q*, y, q).

The first term on the right exhibits the allowable partitions accordingly as there are
no parts smaller than 3 (the “17), 1 is a part (the “zq”), or 2 is a part (the “zyq®”).
However partitions with smallest parts 2+ 3 have been inadmissably allowed. Thus
the second term (with “z2yq?™3”) removes these partitions.

On the other hand, by Lemmas 5 and 6,
S2(0;25.q) = Sa(1;25.9) + 2(1 4 yq)gS2(0; 2¢°; @) — 2°yq°S2(0; 2¢*; q)
(5.8) = (1 + 2q + 2yq*)S2(0; 2¢%; ¢*) — 2%yq°S2(0; 2¢*; q).

Comparing (5.8) and (5.7), we see by the Defining ¢-Difference Equation Principle
that
Ga(x,y,q) = S2(0; 235 q).
This proves the case k = 2.
We now consider k£ = 3. We note that by Lemma 5

(5.9)

S3(0,0;25q) — S3(1,0; 25 9) = 2°¢*(1 + yq)S3(0,0; 2¢°; q) — *yq”S3(0,0; 2¢%; q)
(5.10)

S3(1,052;9) — S5(2,0;259) = 22¢* (1 + yq)S3(1, 0 2¢%; q) — 2 yq® S5(1, 0; 2¢*; )
(5.11)

S3(2,0;25q) — S3(2,1;259) = 2q(1 + yq)Ss5(1, 0; 2¢%; q) — 2°yq° S5(0, 05 2¢; q),
and by Lemma 6:
(5.12) S3(2,1;2;9) = S5(0,0;2¢%; q).

We may obtain S3(1,0;x;¢q) in terms of instances of S3(0,0; 2¢?%; q) from (5.9).
Then the same can be done for S3(2,0;z; ¢) from (5.10). Finally all of these results
plus (5.12) can be substituted in (5.11) to obtain the following ¢-difference equation
for S3(0,0;x; q):

(5.13)  S5(0,0;259) = (1+qz(1+qy)(1 + zq + 2¢°)) S3(0,0; 2¢°; )
+ (®yd® + 2% (1 + qv)® + 2 (e + vy + 2%y + ya* + v°¢*)) S5(0,0; 2¢*; q)
—2°¢"%y(1 + yo) (1 + 2¢® + 2¢°)55(0,0; 2¢°%; @) + 2%y*¢** S3(0, 0; 2% q).

Now we need a g-difference equation for G3(z,y,q). This may be obtained as
follows: Gs(x,1,q) is the generating function for the original Gordon partition
b3 3(m,n). Following [3; p. 443, egs. (5.6)—(5.9)], we see that the Smallest Parts
Decomposition Principle may be invoked to yield

(5.14)
G3(£L’, ]-a q) = (1 + $Q)G3($Q7 ]-7 q) - x2q1+1G3(xq2, 1; Q) + $3q2+2+1G3(l’q3, ]-7 q)
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But in instances of Gz(x¢?*1,y,q) we see that y would be counting instances of
different odd parts appearing an odd number of times. Hence we must do several
applications of the shift rule in order to eliminate instances of G3(xq?*1,1,q).
Thus with G3(x) = G3(x,1,q), we have that

Gs(zq) = (1 + 2¢°)G3(2¢*) — 2°¢* T2 G3(2¢*) + 2° P32 G5 (ng?
G3(zq?) = (1+ 2¢*)G3(2¢®) — 22> 3G (2q”) + 23¢* T3 G5 (2q")
Gs(2q®) = (1 + 2¢")Gs(2q") — 22¢* T Gs(2¢°) + 2" " TP G5 (

We now have four linear equations which can be solved for Gs(z), Gs(zq),
G3(2q®) and G3(zq°) in terms of G3(zq?), G3(xq*?) and G3(zq°). As a result

zq°)

(5.15) Gg(.’L‘) — (1 +xq+x2q1+1 +xq2 +x2q2+1 +x2q2+2)G3(xq2)
_ (x3q3+2+2 o3BT | A gB SR | 4 BB | x4q4+3+2+2)G3(9cq4)
+ BB OS2 G (46).
Now equation (5.15) may be viewed as an application of the Smallest Parts De-
composition Principle considering the partitions starting with parts < 2. Thus to
extend (5.15) to the full Gs(x,y,q) we need only insert y’s to account for appear-
ances of evens an odd number of times. Hence

(5.16) Gs(z,y,q) = (14 zq + 2°¢" " + zyg® + 2%y* ' + 2°¢°T?)G3(2q%, v, q)
34242 34342 +$4q3+3+2+2 3+3+2+1 4+3+2+2)G3 ($q4 Y q)
+ 2%yq 2%y, q).

So if we define E5(x, q) to be the left-hand side of (5.16) minus the right-hand side,
then we see that Fs(z,q) is identically equal to 0. Therefore

0= Es(,q) — 2%yq" Es(zq”, q)
= G3(2,9,q) — (L +qz(1 + qy)(1 + 2q + 2¢°)) G3(2¢*, v, q)
+ (2%yq® + 2°¢" (1 + qy)® + 2*¢° (¢ + y + 2¢°y + yq* + ¥*¢*)) Gs(zq*, v, q)

+ a:4yq
5+5+4+3+2+2G3(

— (2% +23yq +2'yq

(5.17)
—2°q Py (1 +ya) (1 + 2¢° + 2¢°)G3(2¢%, y,q) + 2°y* ¢ G3(2¢%, y, q).
Comparing (5.17) with (5.13) we see that the Defining ¢-Difference Equations Prin-

ciple implies that
G3(177%Q) :S3(O7O7x7q) U

6. THE PARITY INDICES

The next few sections will be devoted to considerations of partitions subject to
constraints on the following partition parameters.

Definition. Let A be a partition A\: A +Xa+---+X; where \y 2 Ay 2 --- 2 X;. We
define Iy g(A) (resp. Iyo) to be the maximum length of nonincreasing subsequences
of {A\1,A2,...,\;} whose terms alternate in parity starting with an even (resp. odd)
i

Definition. Let A be a partition A: A +Aa+---+A; where Ay 2 Ao 2 --- 2 X;. We
define I, g(\) (resp. I1o) to be the maximum length of nondecreasing subsequences
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of {1, A2,..., A\;} whose terms alternate in parity starting with an even (resp. odd)
Ai.

It is immediate from these definitions that if \; is even, then Iyo(A) = Iyg(A) —
1, and if A; is odd, then Iyg(A) = Iyo(A) — 1. In the same way, if \; is even, then
ILO()\) = ILE()\) — 1, and if )\j is Odd7 then ILE()\) = ILO()\) —1.

For example, if A\ = 7+ 7+5+4+4+34+24+141, then Iyg(\) =4, Iyo(\) =5,
Ite(A\) =4, ILo(\) = 5.

7. LOWER PARITY INDICES IN PARTITIONS WITH DISTINCT PARTS

We begin with notation for the relevant partition functions:

pe(r,m,n) (resp. po(r,m,n)) is to denote the number of partitions of n into m
distinct parts with lower even (resp. odd) parity index equal to 7.

Next,

(7.1) Po(y,m;9) = > pe(r,m,n)y"a™q",
r,m,n=0

and

(7.2) Py(y,w;q9) = > polr,m,n)y z™q".
r,m,n=0

Theorem 7.

(7.3) Pe(y,7;9) = (1 + 2q) Po(y, 2¢; 9),
"y n(n+1)/2(_
(7.4) Po(y, z:0) =nzzo v (qZ;qg)i YY)
- (Y)n(—2q)"
(7:5) = q)oonzz; (626%)n

Proof. By the Smallest Parts Decomposition Principle
(7.6) Pe(y,x5q) = Poly, 2¢; q) + 24 Po(y, 2¢; q)
(7.7) Po(y,x;q) = Pe(y, 2¢; q) + 2y Po(y, 2¢; ).

Equation (7.6) immediately establishes (7.3). We now substitute (7.6) into (7.7) to
obtain

(7.8) Po(y,m;9) = (1+ 2¢°) Po(y, 23 q) + 2qy Po(y, 7; q)-
We now expand P,(y,x;¢) in a power series in z:
(79) Po(ya x; Q) = Z Anzn

n=0

Substituting (7.9) into (7.8) and noting that Ay = 1, we see that
A, = 2nAn + q2nAn71 + yannfla

or

yq" (1 + q”/y)A

An = (1 _an) n—1-
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Iteration then reveals that
y " (—q/y)n
(4% %)n '
Combining (7.10) with (7.9), we see that (7.4) is established.
Finally by (7.4) using the basic hypergeometric series notation [12; p. 4]

. —q/7,—4/Y;4,TYT
Po(ya-r;Q) :}_%2¢1( / _/qy Y )

. o (F20)s 7,95 q, —2q
(by [12; p. 10, eq. (1.4.6)]) = lim (xyT)OOQ(bl( q )

= o S

which proves (7.5). O

(7.10) A, =

n=0

8. LOWER PARITY INDICES IN UNRESTRICTED PARTITIONS

Again we start with the relevant notation:
Let ue(r,m,n) (resp. u,(r,m,n)) denote the number of partitions of n into m
parts with lower even (resp. odd) parity index equal to 7.

Next
(8.1) Uely,wiq) = D ue(r,m,n)y"a™q",
rm,n=0
and
(8.2) Uo(y,x;q) = Z uo(r,m,n)y" x™q".
r,m,n=>0
Theorem 8. U )
o\Y,2q;q
8.3 Ue 5 ; = —_—,
(8.3) (y,7;9) —
1 xnynqn(n+1)/2(1/y)n
(8.4) Us(y, 59) = 7
(29) oo g (@ ¢*)n
(—qy)nl‘"
8.5 =(1—=x —
(®.5) ( )Tg (4% ¢*)n

Proof. By the Smallest Parts Decomposition Principle
(8.6) Ue(y, ;) = Uo(y, 2q; q) +

zq
U .
T o(y, 2q;q),

(8.7) Uo(y,75q) = Ue(y, 2q; q) + 1

Equation (8.6) immediately establishes (8.3). We now substitute (8.6) into (8.7) to
obtain

(8-8) Uo(y,2;q) =
Let us now define

(8.9) v(y, 7;q) = (29) o Us(y, 5 q).

zqy
Us(y, zq; q)-
~ 2

Us(y, 24°; q)
1 — zq¢? 1

zqy
Us(y,zq; q)-
~ 2
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Substituting (8.9) into (8.8), we see that

(8.10) v(y, z;q) = (1 — zq)v(y, 2¢% q) + xqyv(y, 2¢; @)
We now expand v(y, z; q) in a power series in x:
(8.11) v(y, wiq) = Y ana”.

n=>0

Substituting (8.11) in (8.10) and noting that ag = 1, we see that

2n—1

ap = anq2n — Opn—1q + anflyqnv
or
Cy"(1=q"""y)
N
Iteration then reveals that
n n(n+1)/2 1
(8.12) oy = VLAY
(4% ¢*)n

Combining (8.12) with (8.11) and (8.9), we see that (8.4) is established.
Finally by (8.4) using the notation of [12; p. 4]

: —q/7.1/y;q, Ty
Uy, z; = 1
(y, ;) (0)m T{%z%( 7(1 )
Lo T,—qy;qw)
by [9; p- 10, eq. (1.4.6 = lim (7)o
(by [9 p. 10, cq. (1.46)) i) ain (T
- (_qy)nxn
=(1-x — [
( )ngo (¢ 6%)n
Corollary 9.
1
(8.13) Uo(y,x;q)Zi(xq) Po(—ya, —/q;q).
Proof. This follows immediately by comparison of (8.4) and (7.4). O

9. UPPER PARITY INDICES IN PARTITIONS WITH DISTINCT PARTS

As before, we begin with notation for the relevant partition functions:
0e(N,r,m,n) (resp. d,(N,r,m,n)) denotes the number of partitions of n into m

distinct parts each < N and with upper even (resp. odd) parity index equal to r.
Next

(9.1) De(N,y,25q) == De(N) = Y 6o(N,r,m,n)y"z"q",
rm,n=0
(92) Do(Nayax;Q) = DO(N) = Z 50(N7T7mvn)yrxmqn~

r,m,n=0



24 GEORGE E. ANDREWS

Theorem 10.

o(2n — 1) sz 2 g(i=3)*+5° +it n+j- ¢
1 5127
1,20 !

n+j7—1 )
(93) + .Z‘Z 25—1 (1 3)2 52 +i— j|: ! :| |: ) :| ,
]2;0 ) 25 -1},

D.(2n) = Z xinjq(i_j)2+j2+j [n"i-j] [22}
520 vl

(9.4 # Y atprrgeen ] L

2o ) 25 +1},

Proof. By the Largest Part Decomposition Principle, we see that

(9.5) D.(2N) = D.(2N — 1) + zy¢* N D,(2N — 1),
(96) ( ) (1 + xq )DO(QN - ]‘)ﬂ

(9.7) D.(2N —1) = (1 +2¢* "1)D.(2N - 2),

(9.8) D,(2N — 1) = D,(2N — 2) + zy¢* N 'D,(2N — 2).

In addition, we note the initial values D.(0) = 1, D,(1) = 1 + zyq.
In order to prove our result we must reduce (9.5) — (9.8) to two recurrences only
involving D, (2N — 1) and D.(2N). By (9.5) and (9.7)
(9.9) D.(2N) = (1 + 2¢*N "N D, (2N — 2) + 2y¢* N D,(2N — 1),
and by (9.6) and (9.8)
(9.10) D,(2N — 1) = (1 +2¢*V"2)D, (2N — 3) + zy¢*N ~'D.(2N — 2).

Clearly (9.9) and (9.10) plus the initial values completely define D.(2N) and
D,(2N —1). To complete the proof of the theorem we need only show that the right-
hand sides of (9.3) and (9.4) satisfy the same recurrences. The initial conditions
are clear by inspection.

Let us define d,(2n — 1) as the right-hand side of (9.3) and d.(2n) as the right-
hand side of (9.4).

First we note that

de(2n) — de(2n — 2)

T iyl D {”ﬂ - 1] {Z}

i, 20 o 212713
+ Z g2t i N2+ (+2) -1 g2 ti=1) [”4”1_1} [211' J
i,j20 o 2L

(9.11) = xq2n—1{ Z xiy2jq(i—j)2+2(i—j)+j(j+1)+2j—2i [n +Jj- 1} [z + 1}
i 2j |,
§,520

£ 37 iy gl G 2) =122 ["+J - 1} [i_+ 1} }
1 5127 + 1],
i,j20
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So to complete the proof of (9.9) with D replaced by d, we need only identify
de(2n — 2) + yqd,(2n — 1) with the expression inside the above curly brackets.
Now

de(2n — 2) — yqd,(2n — 1)

= Z iy g(i=9)*+iG+1) {n +J" -1 {Z}
4,520 t 42 2] 1
. . L. . X [ i—1 .
+ 37 iyl UG ntj } [2_2 J
520 Lt o [27+ 114
+ Z CUZ 2j+1 7427(2.] 1)1+(2J+1)+1 (n +7—- ].:| |: 7 :|
4,520 ¢ 2 2-7 1
2j n+j—1 i
+ (EZ 2] —(2j— 1)z+( )Jrl |: / :| |: . :|
;O t 2j — 1],
=Y a'y¥q 2 904257 +j ["H B 1} ({ Z} + qi—2j+1[ 'i } >
1,70 ¢ 2 \[27], 25 -1},
+ Z $Z 23'“ % —2ij+25% 43541 |:n+‘] - 1] ([ ‘ } +qi—2j[i} )
1,520 ¢ 2j+ 1], 2514

(where we have combined the first with the
fourth sum and the second with the third)

(by (2.12))
= Y gy R [nJ” - 1} [l +‘1}
520 t 2j
(9.12) Z iyl it 24243+ ntj-1) il
4,520 i 2.7 +1 1

Now inspection reveals that this last entry in (9.12) is identical with the final
expression in curly brackets in (9.11). Hence (9.9) has been established with the
D’s replaced by the d’s.

To conclude we must do the same for (9.10). Now we see that

do(2n — 1) — dy(2n — 3)
Z iy gt —(2i= 1)l+(2]+1)q2(n+j717i) [” ‘_Fj - 2} [l]

720 t—1 |5125],
i an+g—2 i
by 211 + .’[Z 25—1 zz (25— 1)z+( ) 2(n+j—1 z)|: . ] [ . :|
(by (2.11)) Z i1 J,l2 -1,
P 2{ Z iy =i () [n—i—j—Z} [i‘f'l}
> i 2 2-7 1
4,720
_ An+j—2] [i+1
1 i,2j—1 22 (25— 1)z+(2) n
(9.13) + > aly T P I ¢

1,520
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where in the final line we have shifted ¢ to < + 1 in each sum.
So to finish the proof of (9.10) with D replaced by d, we need only identify
do(2n—3)+yqd.(2n —2) with the above expression contained in the curly brackets.

d,(2n —3) + yqde(2n -2)

e g
212714

4,520
_ (%) n—l—j—2
+ Z mz 2j—1 z (25— 1)1—1— |: :| |: :|

,j20
+ 3 @ty G [”+J ] [@}

o 1 2714
£ Y iy D) nti- ‘

,§20 ' 2127+ 1]
E:ywz4%nwwwf”7‘ﬂ (B] +el)])
720 t 2 J11 J— 11

oot () el )

o ) o\ 127 — 1], 25 —2],

(where we replaced j by j —1 in the third and
fourth sums and then combined sum 1 with
sum 4 and sum 2 with sum 3)

(by (2.12))
=Y a'y¥q 2 (2j-1)i+(*57) [”+J - 2] [i+ 1}
4,720 i 2 Qj 1
(9.14)

S e sk AR

S0 7 2127 — 1],

As before, the last entry in (9.14) is identical with the final expression in curly
brackets in (9.13). Hence (9.10) is established with D replaced by d. Thus our
theorem is proved. [l

Corollary 11.
(9.15)  Do(o0) = Y

0,420

2iy2i (=345 +it+i 2iy2i—1g(i=i)*+5+i—j

( 4q)i (Q)2J (Q)i—2j erZZo (—Q;Q)i(Q)zj—l(Q)i—2j+1

wiy2i (=) +5+i 2iy2i+1g(i=3)*+57+35+1

+
0§

0 (_QaQ)i(Q)Qj-&-l(Q)i—Qj—l.

(9.16)  D.(c0) = Z(

¢ 0)i(0)25(q)i—2;

Proof. Let N — oo in the theorem and then algebraically simplify each term. [

We note that if we set y = 0 in (9.16), then D.(c0) must be the generating
function for partitions into distinct odd parts, and in this instance the right-hand
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side of (9.16) reduces to the familiar sum in Euler’s identity

.,L,lqlz ] 9
(9.17) ; (), AT )
(cf. [12; p. 9, eq. (1.3.16)]).

Also if we set y = 0 in (9.15) then D,(0c0) must be the generating function for
partitions into distinct even parts, and in this instance the right-hand side of (9.15)
reduces to a change of = to zq in (9.17).

However, setting y = 1 in either D,(c0) or D.(00) must produce the generating
function for all partitions into distinct parts. Consequently

4,720
(9.18) = Z = + Z A=

which appear to be new.

We note that similar finite results can be obtained by setting y = 0 and y = 1
in Theorem 10. The y = 0 case is the classical g-binomial theorem [7; p. 36, eq.
(3.3.6)]. The y = 1 case also appears to be new.

2iqli=9)"+i*+i+s

—4:9)i(q)25(q)i—25

2iqli=d) +i%+i=j

—q; Q) (Q)2J 1(Q)i—2j+1

¢ 0)i(0)25(q)i—2;

2iq(i=i)+3"+3j+1

4q)i (4)23+1(C])z‘—2j—1 ’

10. UPPER PARITY INDICES WITH UNRESTRICTED PARTS

Again we begin with notation for the relevant partition functions:

¢e(N,r,m,n) (resp. ¢o(N,r,m,n)) denotes the number of partitions of n into
m parts each £ N and with upper even (resp. odd) parity index equal to 7.

Next

(10.1) Fe(N,y,23q) :=F.(N)= > ¢(N,r,m,n)y"z™q",
r,m,n=0
and
(10.2) Fy(N,y,2;9) = Fo(N) = Y ¢o(N,r,m,n)y"z"q".
r,m,n=0
Theorem 12. )
(2n—1) le 2, [n-}-l—j—l} {z}
1,520 ! 212714
(10.3) + 3 iyt {"7”'_‘7 _2} { ‘ }
i,j20 ‘ 2 2j+1 17
- s
S0 7 2514
i n+i—j5—1 i
10.4 % 2]+1 2 +I)Jrz n )
(10.4) t2 i L1275 +1],

1,520
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Proof. By the Largest Part Decomposition Principle, we see that

(10.5) F.(2n) = F.(2n — 1) + 2yq®"F,(2n),
(10.6) F,(2n) = F,(2n — 1) + 2¢*" F,(2n),

(10.7) F.(2n—1)=F.(2n —2) + 2¢*" ' F.(2n - 1),
(10.8) F,(2n—1) = F,(2n — 2) + xy¢*" ' F.(2n — 1).

Now we eliminate F,(2n — 1) and F,(2n) from (10.5) — (10.8). This yields

(10.9)  F.(2n—1) = F.(2n — 3) + 2y¢® *F,(2n — 2) + 2¢*" ' F.(2n — 1),
and

(10.10) F,(2n) = F,(2n — 2) + 2yg®" ' F.(2n — 1) + 2¢*" F,(2n).

At first glance, it would appear that these are not defining recurrences for the
F’s in that the left-hand side of each equation also appears on the right. However,
the offending expression on the right can easily be moved to the left to overcome
this objection. Of course, this means that the F’s will be rational functions not
polynomials as were the D’s of Section 9.

Thus (10.9) and (10.10) together with the initial values F,(0) = 1 and F.(1) =
T lzq uniquely determine F,(2n) and Fe(2n —1). Inspection reveals that for n = 0,
the right-hand side of (10.4) = 1, and for n = 1, the right-hand side of (10.3) is

Zx 1—xq

i20

Consequently in order to complete the proof of our theorem we need only show that
the right-hand sides of (10.3) and (10.4) satisfy (10.9) and (10.10).

Let us define f.(2n — 1) as the right-hand side of (10.3) and f,(2n) as the right-
hand side of (10.4).

We treat (10.9) first noting that

fe(Cn—1) — fo(2n —3)

gt e
1—1 9 2514

0,720
@) et el
0720 2 J+ 1],
2n 2{Z$l 2] () + [n-l—i—j—l} [i—i—l}
720 i 2L 27 1y
(%) n+t—75—2 141
T R 170}

4,520
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Therefore to conclude our treatment of (10.9) we must show that yf,(2n — 2) +
qfe(2n — 1) is equal to this last expression in curly brackets.

yfo(2n —2) +qfe(2n — 1)

i 2 2-7 1

i,j20
n+i—j—2 1 (2541
Y 2J+2[ _ ] { | ] )
zjz>0 ¢ 2j+1 1
n+i1—j5—1 )
+ xz 2] +7,+1|: ] :| |: :|
;z:o ) 2514
+sz 21 2]+1)+2i+1[n—|—i—j—2:| [ 1 :|
,§20 ! 2127+ 1,

gt e (o)
B (] o)

4,520

(where we have combined the second and third
sums into the new first sum and the first and
fourth in to the new second sum)

sy [n4i—j—1] [i+1
by (2.11)) B2 i+ () | "
Oy 210) = 2, o'y Ll

i
4,520

(10.12) + 3 aiyPtigre( ){nJri_.j_ﬂ { ! ] :

5o 1 9127 + 1],
which is precisely the expression inside the curly brackets in the final entry in

(10.11).
We now move to (10.10) for the f’s noting that

fo(2n) — fo(2n —2)
S j— 7 —2 . ) (25
B Z =y [n +Z— i LQQ(HJD [;]] 1q22+(2)

4,720
(by (2.12)) + Z%O gyt [n +;:i - 2} 2q2(nﬂ>1) [23‘:- J 1qi+(2j2+1)
it { T [P ] e
i,720 J 11
w )

4,520
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In order to complete (10.10) for the f’s, we must identify this last expression in
curly brackets with yf.(2n — 1) + ¢f,(2n).

yfe(2n —1)) + qfo(2n)

R A AN
v 2 12714

4,520
JerZ 2j+2 2;+1)+21{n+ij2] [ 1 }
4,520 i 2127+ 1],
& 3 s [ [
4,720 ! 2 2J 1
I S .
4 szy2j+1qz+(27;1)+1 {n*"l - } {2'1 J
3,720 ! 2127+ 1
le 2, &5 1+21[n+z—.]—1} ({ ‘i ] JquJ{ } >
S0 ) 27 —1 29
Lin+ti—j—1 i 9it1| %
e S (B e
l;() 1 2 \ [27]4 27 +1],

(combining the second and third sums into the
first new sum, and the first and fourth into the
second new sum)

(by (2.11)) sz p Hy 1+2z[”+Z'J1} [i;jl}l

4,520 !
10,10 ey {nJrijl] [i+1}
30 1 9127 + 1],

and this is indeed the expression inside curly brackets in (10.13). So (10.10) is
proved for the f’s, and, as a result, our theorem is proved. O

Corollary 13.

i,25 (%)+i ip25+1 (M) +2i
rTYyrqh Ty q
(10.15)  F.(co) = + :
‘ z_: (=4 0)i(9)2;(0)i—2; MX_Z:O (=4 @)i(@)2j+1(Q)i-2j—1
. 25 2j+1
xzy q( )+22 T y2]+1q( )+1
(10.16)  F,(c0) = + .
”,ZZO (=4 0)i(0)25()i—2; Z-JZ_ (=43 0)i(@)2j+1(0)i—2j—1
Proof. Let n — oo in (10.3) and (10.4) respectively. O

We note that setting y = 0 in (10.15) yields the generating function for partitions
into odd parts (cf. [12; p. 9, eq. (1.3.15)])

gt 1
( ) ; (@*4¢%)i  (2¢;¢%) o
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while setting y = 0 in (10.16) yields the generating function for partitions into even
parts

zq2z 1
10.18 =
( ) ; (@%6%); (2¢%¢?)o

Identities (10.17) and (10.18) both go back to Euler.
However setting y = 1 in either F,.(o0) or F,(co0) must produce the generating
function for all partitions.

(3)+ i ()2

P X0

9)i(@)2j+1(q)i—2j—1

%) 42i i (YY) +i

(
o xq xq
(10-19) =X Coon@i T 2

i—2j 720 q;49 )z(q)23+l(q)i—2j—1’

which appear to be new.

We note that, as in Section 9, similar finite results can be obtained by setting
y =0and y =1 in Theorem 12. The y = 0 case reduces to instances of the classical
g-binomial series [7; p. 36, eq. (3.3.7)]. The y = 1 case again appears to be new.

11. PART Si1ZE AND PARITY INDICES

The previous two sections were devoted to considerations of partitions enumer-
ated according to parity indices. Surprisingly, when we connect part size to a parity
index, we come upon a new interpretation of the Rogers-Ramanujan identities.

Definition. We say that a partition A has even (resp. odd) ample part size if each
part \; is larger than Iy g(\) (resp. Iyo(A)).

Let R.(N,r,m,n) denote the number of partitions of n into m distinct parts
each < 2N; in addition, we require even ample part size with upper even parity
index = 7.

Next
(11.1) pe(N,y, x,q) Z Re(N,r,m,n)y"z™q".
r,m,n=>0
Theorem 14.
YOINT e
(11.2) pe(N,y,2,q) = L} ¢ = (—yq);-
=0 e

Proof. We note by the Largest Part Decomposition Principle, that
(11.3) pe(N,y,2,9) = (1 +2¢*N )pe(N = Ly, 2,9) + 2yg*" pe(N = 1,y, 24, q).

The last term in the above by accounts for those partitions in which 2N appears;
the zq in p.(N — 1,y,2q, q) both increases the part size by 1 (which is necessary
because the zy¢?N out front accounts for an increase in the upper even parity index)
and changes the upper even index to the upper odd index to which 2N is attached
to recover the upper even index.

In addition, we see that

(11.4) pe(0,y,7,q) =1
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We observe that (11.3) and (11.4) completely determine p.(N,y,,q).
Now we consider

Mz

(11.5) PNy, 2, q) = { ] ¢ 2 (—yq);.

J=0

E(N7y7xaQ) _E(N - 17ya90,Q)

= ]; ([ﬂ L [NJ_ 1] q2> ¢ 2 (~yq),

(by (2.12)) = PN {N -1

.2 .
3 1} ¢ 2 (—yq);
j20 J &

= [N—1] e 4
= zg*" IZ[ ; } @ (—ya);(L+ya’™)
q

j20
0 N1 =
=2¢®V BN — Ly, z,q) + 2yg®N Yy [ . ] ¢ (zq)’ (—ya);
20 a
(11.6) = 2"V PN = Ly, x,q) + 2yg*V (N — 1,y,2q,q).

Thus in light of the fact that p(0,y, x,q) = pe(0,y,z,q) and that (11.3) and (11.6)
are identical recurrences, we see by mathematical induction that for each N = 0

Pe(N7y7$,Q) :ﬁ(Nv%xv(J)?

and this proves our theorem. (I

It is now a straightforward matter to connect partitions into distinct parts of
ample size with the Rogers-Ramanujan identities [7; p. 113].

Corollary 15. The number of partitions of n into distinct parts of even ample size
equals the number of partitions of n into parts = +1 (mod 5).

Proof. Setting =y =1 in (11.2) and letting N — oo, we see that the generating
function for partitions into distinct parts with even ample part size is

-2

(by [4; p. 113, Cor. 7.9)) Z%(,q)j oy 1

. . . -9 4. 45 ’
= (6% ¢%); = @i (@0)=(e¢")

and the infinite product expression is just the generating function for partitions
with parts = +1 (mod 5). O

It is also easy to obtain a similar interpretation for the second Rogers-Ramanujan
identity.

Corollary 16. The number of partitions of n into distinct parts of odd ample size
equals the number of partitions of n into parts = +2 (mod 5).

Proof. If we replace x by xq in (11.1), we see that the exponent on y now measures
the odd upper index. Thus setting z = ¢, y = 1 in (11.2) and letting N — oo, we
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see that the generating function for partitions into distinct parts with odd ample
part size is

¢ 1 (—q);
by [7; p. 113, Cor. 7.10 S WV —
(by [7: p o D ;) (a%:4%); Jz;; (@;  (0%¢°)(d®¢°) o

qj2+j B 1

and the infinite product expression is just the generating function for partitions
with parts = +2 (mod 5). O

12. Mock THETA FUNCTIONS AND LITTLE ¢-JACOBI POLYNOMIALS

In the last section we saw that

g an yq q
(12.1) pe(00,y,2,9) = )
NZ20

is the generating function for partitions into distinct parts with even ample part
size. Setting y = 1 yielded the connection with the Rogers-Ramanujan identities.
Setting z = 1, y = —1 yields

n2

(122)  folg) =Y (q—

=14+¢- 4+~ +d"+¢"—2¢" + -
= (=¢:9)n

one of Ramanujan’s fifth order mock theta functions (cf. [9]). Thus f,(q) is the
generating function for the excess of the number of partitions of n into distinct
parts of even ample part size and an even upper parity index over those with an
odd upper parity index. This is Theorem 17 as stated in the introduction.

For example, at n = 10, the six partitions in question are 10, 9+ 1, 8 +2, 7+ 3,
6+4,5+3+2. Of these 9+ 1 and 7+ 3 have even upper parity index 0 while the
other four have index 1.; thus the coefficient of ¢'° in f,(¢) must be 2 — 4 = —2.

In this section, we shall relate p.(c0,y,a,q) to an identity involving the little
g-Jacobi polynomials [9; p. 27].

Theorem 18.
g a" q,
pe(00,y,0,q) = Y | —5— y )
n>0
1 (—1)"a"¢*"" (a% ¢*)n(1 — ag®™) a
12.3 = pa(y; ——,—1:¢q),
(12:3) (ag; q) s > (4% q )n(l —a) ( q )

n=0

where the little g-Jacobi polynomial is given by [12; p. 27]

AB n+1’
(12.4) Pn(y; A,B 1 q) = 2¢1( jq © qy)

Proof. We recall the weak Bailey lemma [9; p. 116, eq. (2.5) with n, p1, p2 — oo
(cf. [9; p. 116, eq. (3.1) corrected])

(12.5) Z%q’fa”ﬂn— @ Zq a"an,

43 9) o

where

— (¢ Dn—r(aG; @)t
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So if we take 3, = (=yq; ¢)n/(¢% ¢*)n, then by [9; p. 115, eq. (2.7)]
" (ag; Dnrjor (1" ¢ (—ygs q),
— (¢ Dn—j (@ ¢*);
_ (-nrg) - an”)(a;q)n3¢2 (q‘",aq", —yq;q,q>
(1—a)(g:q)n —q,0
(by [12; p. 241, eq. (IIL.7)])
_ (=1 g™ (a%¢*)n(1 — ag®") PNCARLIETAT
(0% 21— a) = —a
2 a
= (71)nqn (a2; qz)n(l - ann)pn(y; *67 —1: Q)7

Ap = (1 - ann)

<

—~

and substituting these values for o, and 3, into (12.5), we obtain the theorem. O

Our first corollary is the classical identity of Rogers and Ramanujan [9; pp.
36-37, eq. (2.7.5) with n — oo] from which one deduces both Rogers-Ramanujan
identities (the cases ¢ =1 and a = ¢).

Corollary 19.
2
X n°.n 1 0 c Q) (=) a™ n(5n—1)/2 1 — qg?™
(12.6) Yot Z(a,q) (=1)"a"q (1 —ag™)
n=0 Q)oo n=0 (

(@ On  (ag; ¢ Q)n(l —a)

Proof. Setting y = 1, and noting by [12; p. 11, eq. (1.5.3)] that

n

¥ — —n n T
(ABH)"(B~'q ") _ A3 ) (Bgiq)n
(Ag; q)n (Ag; q)n

we find that (12.3) simplifies to (12.6). O

pn(1;A,B:q) =

In order to obtain the formula [9; p. 114, eq. (1.4)] for f,(g), we need some
lemmas concerning the little g-Jacobi polynomials.

Lemma 20. .
.2

pu(~1-1,-1:q) = (~1)7q("5) 37 (~1)ig ",

j=—n

Proof. This result follows directly by mathematical induction provided we can show
that

(=1)"q”

() pn(=1;—1,—1: q)=(=1)" ¢~ Gp, 1 (=15-1, =1 : q) = 2(=1)"g ™™,

or equivalently

—n . n+l. _ —n+1 ,n. _ n
201 <q 4 b q) +qn2¢1<q 459 q> :qu(z).
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" q" g, —q " " q,—q
2¢>1( —q +q" 201 —

1q)j-1(—q)’

(A=a™ =g +q" 1 - g )1~ q")

by [12; p. 11, eq. (1.5.2)]. O

Lemma 21. )

1 1
2pn(—1; ~7 —1:q) = 2pa(—1; i q)=01-¢")pn-1(-1;-1,-1:q).

Proof.
1

200 (=1 ==, =1:q) = 2pu(—1;——,——:¢q

n . ) n( . )

Lemma 22.

2p (—1; —é, “1:g) = (-1)"q") 3 (-1 - (~1mgB) Y (-1

j=—n j=—n+1

Proof. Noting that by [12; p. 11, eq. (1.5.2)]
1 1 —n, n—l; ,— _ 1—n; n (n
pn(—l;—7—:q)=z¢1(q o q) =M=q 2)

¢ q -1

we combine Lemmas 20 and 21 to see that

2pn(—1;—$7—1:q) =20 () 4 (1 ¢")(~1)1q3) > (i

as desired. O
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(4.
Z Z n n(5n+1)/2 32 ( 4n+2)

jlSn

Corollary 23 ([9; p. 114 eq.
fo(q)

Proof. Setting y = —1,a=1in (12.3) and invoking Lemma 22, we see that

o0 ’Vl2
q
folg) = .
= (—¢a)n
i n n—1
1 ntt o N o
e A (SIZER) eSS CD WY
) o =t N
R , .
— - (_1)an(5”+1)/2fj (1 . q4n+2)7
(¢ 0o ;::o
lil=n
where we have replaced n by n + 1 in the second double sum. O

13. CONCLUSION AND OPEN PROBLEMS

As was mentioned in Section 1 and again in Section 5, K. Kursungoz has found
combinatorial proofs of many of the results in this paper. In particular, he has
sieve-theoretic proofs of equations (7.4), (7.5), (8.4), (8.5) and (8.12); i.e. all the
theorems in Sections 7 and 8. He has bijective proofs of (9.3), (9.4), (10.3), (10.4)
and (11.2); i.e. all the theorems in Sections 9-11. Additionally, as was noted in
Section 5 he has a combinatorial, bijective proof of Theorem 4 for all k, not just
k =2 or 3, and has beautifully generalized the result to cover all specializations to
(1.6) with 1 £ a £ k. On top of this he has bijective explanations of each of the
multiple series generating functions given in Sections 3 and 4.

Furthermore, he has found a reasonably natural interpretation for

Z q

The following are further problems that suggest themselves either from compar-
ison of this work with results in the literature or from empirical studies.

1. Show bijectively that Ws 3(n) is equal to the number of partitions of n into
parts that differ by at least two and by more than 2 if the parts are even.

2. Show bijectively that Ws 1(n) is equal to the number of partitions of n into
parts (each > 2) that differ by at least two and by more than 2 if the parts are
even.

We know from Theorem 1 and a comparison of it with the Gollnitz-Gordon
identities that in each case the sets of partitions involved are equinumerous. Thus
the important word in each problem is “bijectively.” More generally

3. Prove bijectively that

Nf+»--+N,§,1xN1+---+Nk_1(

—YG Dy (—YG Dy
(@®6%)n, (0%6%)ny - (0% 6% n_s

W2k71,2a71(n) = Dk,a(n)»
where Dy, ,(n) denotes the number of partitions of n of the form n =35, fi —i

(here we use the frequency notation f; for the appearances of ¢ in the partition)
with fi + fo < a—1 and for all 4 2 1,

foic1 =1 and  fo; + foip1 + faige Sk — 1
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The assertion is true by comparing Theorem 1 here in the odd case with Theo-
rem 1 in [2]. This problem and this observation leads naturally to a more general
topic.

4. The overriding theme of this paper is parity. Can one generalize these the-
orems to moduli other than 2? In light of the fact that the above Dy, (n) is the
special case A+1 = 2 of the general partition theorem from [4] and [5], it would seem
that theorems comparable to those in Sections 3-5 might be found by attempting
to generalize the observation in Problem 3 to these more general results.

5. It follows from an old formula of Rogers [19; p. 333, eq. (6)] that

o0
Po(—1,15q) = Y q"®m 21— >,
n=0

Prove combinatorially that

1 it N=nBn+1)/2
Z po(r,m,N)(=1)" =< -1 if N=n(Bn+5)/2+1.
r,m20 0 otherwise

6. Prove combinatorially that U,(—1,—1;¢q) is equal to the third order mock
theta function

=1+ PER

In Problems 7 and 8, let uc(n) denote the coefficient of ¢" in the series for
(¢ 0)ocUs(—1,~1;9).

7. Prove that uc(n) = 8 if n is a prime congruent to 7 or 11 mod 12, —uc(2) =
uc(3) = uc(s) = 4, and for all other primes uc(n) = 0.

8. Prove that uc(n?) = 0 if n is an odd prime power and that uc(2") = —4.

9. Prove that if y = 1 and = —1 in the second sum in (9.15) the result is

11. Extend the parity indices to overpartitions in a manner that will provide
natural generalizations of the work of Corteel and Lovejoy [11], [18].

12. Provide a combinatorial proof of Lemma 20.

13. Noting that the theorems in Sections 9 and 10 are devoted to bi-basic
generalizations of the g-binomial theorem and g-binomial series, find a full bi-basic
generalization to bases other than ¢ and ¢2.

14. An appealing, long-term project would be a full analytic proof of Theorem 4
and its extension to a more general g-hypergeometric series. We note that (5.1) can
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be rewritten as

Z q(NlJrJl)2+(N2+J2)2+-~~+(N1«—1+Jk—1)2
ni,..,mE_120
G dk—120
xN1+"'+Nk—1+J1+'“Jk—1yj1+"‘+jk—1
(@2 @%)n, -+ (0% @) nees (@%5.6%)50 - (635 6%) s
where N; = n; +ni41 +--- +ng—1 and J; = j; + Jig1 + -+ + jrg—1- This latter
formulation seems likely to be a limiting case of series analogous to those considered
in [3].
15. Find a combinatorial interpretation for
(—2¢% %) Qs 2 (2% ¢%)

with k even and a odd. This is the “missing case” in Sections 3 and 4.

X
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